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Résumé

Cette these s’inscrit dans le domaine de la modélisation statistique des valeurs extrémes, un
champ essentiel pour I’analyse et la prédiction d’événements rares aux conséquences majeures
dans des secteurs tels que la finance, 1’ingénierie ou la gestion des risques naturels. Les méth-
odes classiques d’estimation des quantiles extrémes présentent plusieurs limites : instabilité
dans la queue de distribution, faible flexibilité en présence de covariables multidimension-
nelles et difficulté des approches non paramétriques a capturer adéquatement les comporte-
ments asymptotiques. Pour répondre a ces défis, cette these développe de nouvelles méthodes
de régression quantile extréme alliant de maniere cohérente la théorie des valeurs extrémes
et des techniques modernes d’apprentissage statistique. La premiere contribution propose un
estimateur du quantile conditionnel extréme fondé sur une version pondérée du maximum
de vraisemblance pour la distribution GEV conditionnelle. Les poids issus des foréts aléa-
toires généralisées permettent de mieux capturer les relations non linéaires et les interactions
complexes entre les covariables, tout en atténuant les effets liés a la forte dimensionnalité.
L’existence et la convergence de I’estimateur sont €tablies, mettant son intérét pour des quan-
tiles élevés et des covariables de grande dimension. La seconde contribution introduit une
pénalisation de type L2 sur I’indice de forme &, améliorant la stabilité de 1’estimation des quan-
tiles extrémes. Des simulations et une application a des données météorologiques illustrent ses
performances. Enfin, une fonction de pénalité spécifiquement adaptée a la distribution GEV
est introduite pour stabiliser davantage I’estimation de I’indice des valeurs extrémes. Cette ap-
proche améliore les performances en petits échantillons tout en restant efficace sur de grands
jeux de données. Les comparaisons avec des méthodes classiques d’apprentissage statistique
montrent des gains substantiels en précision, stabilité et robustesse, confirmés par une appli-
cation a des données salariales américaines de 1980. Ces contributions apportent des avancées
méthodologiques significatives pour la régression quantile extréme en présence de covariables
complexes et ouvrent des perspectives prometteuses pour I’analyse d’événements rares dans

des cadres multivariés, spatiaux ou temporels.

Mots Clés : Distribution des valeurs extrémes généralisée, régression quantile extrémes, forét
aléatoire généralisée, Estimateur de maximum de vraisemblance, Méthode des maxima de

blocs.




Abstract

This thesis lies within the field of statistical modeling of extreme values, an essential area for
the analysis and prediction of rare events with major consequences in sectors such as finance,
engineering, or natural risk management. Classical methods for estimating extreme quantiles
suffer from several limitations: instability in the tail of the distribution, limited flexibility in
the presence of high-dimensional covariates, and the inability of nonparametric approaches
to adequately capture asymptotic behaviors. To address these challenges, this thesis devel-
ops new extreme quantile regression methods that coherently combine extreme value theory
with modern statistical learning techniques. The first contribution proposes an estimator of
the conditional extreme quantile based on a weighted maximum likelihood estimator for the
conditional GEV distribution. The weights derived from generalized random forests allow for
better capture of nonlinear relationships and complex interactions between covariates, while
mitigating issues related to high dimensionality. The existence and consistency of the estimator
are established, highlighting its relevance for high quantiles and high-dimensional covariates.
The second contribution introduces an L2-type penalization on the shape index &, improving
the stability of extreme quantile estimation. Simulations and an application to meteorologi-
cal data illustrate its performance. Finally, a penalty function specifically tailored to the GEV
distribution is introduced to further stabilize the estimation of the extreme value index. This
approach enhances performance in small samples while remaining effective for large datasets.
Comparisons with classical statistical learning methods show substantial gains in accuracy,
stability, and robustness, confirmed by an application to U.S. wage data from 1980. These
contributions provide significant methodological advances for extreme quantile regression in
the presence of complex covariates and open promising perspectives for the analysis of rare

events in multivariate, spatial, or temporal frameworks.

Keywords: Generalized extreme value distribution, extreme quantile regression, generalized

random forest, maximum likelihood estimator, block maxima method.
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General Introduction

Extreme events (financial crises, floods, earthquakes, nuclear accidents, stock market crashes,
etc.) occur across a wide variety of physical systems, dominate the news on a recurring basis,
and capture our imagination because of their unpredictable nature and the severity of the dam-
age they cause. For example, on the night of February 6, 2023, two major earthquakes (with
magnitudes above 7) struck southwestern Tiirkiye and northern Syria only a few hours apart,
resulting in more than 50,000 deaths. Understanding or predicting the occurrence of extreme
events in complex nonlinear systems, whether natural or artificial, has therefore become es-
sential, and still stands today as one of the major challenges in fields such as climate science,
hydrology, finance, or engineering, to name only a few. Extreme Value Theory provides sta-
tistical tools designed to model such phenomena, particularly for estimating extreme quantiles
or assessing the probability of occurrence of an extreme event that has never been observed
before. Born in the interwar period, this branch of statistics—whose aim is no longer to study
sample averages but rather their extreme values, that is, maxima or minima—was developed
by a group of statisticians, including (Fisher and Tippett, 1928) and (Gnedenko, 1943). Today,

the applications of this theory continue to expand across numerous fields.

The Netherlands has always lived under the constant threat of rising waters. On the night
of January 31 to February 1, 1953, a violent storm caused an exceptional rise in sea level,
which flooded the southwestern part of the country, resulting in the deaths of more than 1,800
people, the loss of thousands of animals, and the destruction of approximately 50,000 homes.
Shocked by the disaster, the Dutch government launched a large-scale hydraulic engineering
project, known as the Delta Plan. The commission tasked with reviewing safety standards
recommended designing dikes in such a way that the probability of a flood overtopping them
would be extremely low, on the order of an event occurring once every 10,000 years in the
most exposed areas. To determine these safety levels, a team of scientists relied on Extreme
Value Theory (EVT) to analyze historical tidal and flood data. Their goal was to estimate the
probability distribution of the annual maximum water level. The results showed that these
maxima could be described by a Gumbel distribution, and that the critical height required
exceeded five meters. Based on these estimates, massive dams were constructed, which still

protect the country today (see Figure [I). If we denote by X the random variable representing
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Figure 1: Image of the Eastern Scheldt Barrier in the Netherlands during stormy weather, the

main structure of the Delta Plan. (source:

the annual maximum water level, the aim is to estimate a quantity 4 such that

1
<h)=1-——.
PX <h)=1 10000

This quantity 4 is called the quantile of probability level T=1— In hydrology, the term

10000
"return level" is often used to refer to this quantity. Estimating /s, however, is not trivial, since

the distribution of X is generally unknown and must be inferred from the available data.

Other equally interesting problems can also be considered. For instance, after observing
seismic records in a given region for a century, with magnitudes ranging from O to 5, can one
estimate the probability that an earthquake of magnitude greater than 7 will occur during the
next century? Similarly, in public health, a particularly severe influenza epidemic can lead to
a large number of hospitalizations or require a substantial amount of antivirals. How can we
then assess the probability that an epidemic more intense than any previously observed will
occur next year? Answering these types of questions amounts to estimating quantiles of the
distribution, which may never have been observed in the available data. When the probability
level 7 is sufficiently large, that is, T > 1 — ! where n represents the sample size used for
the analysis, the corresponding quantile is refgned to as an extreme quantile, in other words,
a quantile associated with a probability level T close to 1. These quantiles lie in the tail of

the distribution, where data are scarce, making their estimation particularly challenging. This
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thesis is positioned within this context.

Often, the phenomena we seek to model are not directly observable. Instead, we have
indirect or conditional information through one or more explanatory variables. Formally, let
Y € 9 C R denote the random variable representing the phenomenon of interest, and X € X C
R? a vector of covariates. Answering the questions mentioned earlier amounts to estimating

the conditional quantiles of Y given X = x. In other words, it consists in determining a function
Qy|x—x(T) such that

P(Y < Qx—(t) [ X=x) =1, forallxeX

where T € (0, 1) denotes the probability level.

In many situations, summarizing the behavior of the variable of interest by its conditional
mean alone is insufficient. The mean can mask asymmetries, variability effects, or extreme
behaviors. To better understand the underlying structure of the data, especially rare or atypical
events, it is necessary to study the entire conditional distribution. Introduced by (Koenker and
Bassett, 1978), quantile regression provides a powerful statistical framework to estimate dif-
ferent quantiles of a conditional distribution as a function of explanatory variables. It is based
on the estimation of the conditional quantile and thus allows a more complete description of
the relationship between Y and X, capturing heteroskedastic effects, nonlinear dependencies,
and behaviors in the tails of the distribution.

In the current context, characterized by the explosion of data and the increase in compu-
tational power, classical statistical methods sometimes show their limitations when it comes
to modeling complex and nonlinear relationships. Statistical learning methods thus offer a
powerful and flexible alternative. They allow capturing subtle interactions and nonparametric
structures within high-dimensional data. By combining quantile regression with these modern
approaches, such as random forests, boosting, or neural networks, it becomes possible to esti-
mate conditional quantiles in a more robust and adaptive way, even in contexts where classical
parametric assumptions are not satisfied.

The objective of this thesis is to contribute to the advancement of extreme quantile regres-
sion methods by combining extreme value theory with statistical learning approaches. This
combination aims to improve the estimation of high-probability-level quantiles while leverag-

ing the flexibility and predictive power of modern models.

Thesis Outline

& Chapters 1| and 2| are dedicated to the state of the art and the presentation of the fun-
damental concepts necessary to understand the basic notions related to extreme value

theory and statistical learning. In the first chapter, we introduce univariate extreme value
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theory, presenting the main approaches used for the analysis of extreme phenomena. We
then discuss the notion of domains of attraction and their associated quantiles. Finally,
the last part of the chapter is devoted to a review of extreme quantile estimation meth-
ods, first in the unconditional framework and then in the conditional framework. The
second chapter is devoted to statistical learning. We present the fundamental principles
of this field, defining what a learning algorithm is and describing some commonly used
methods, notably those employed in our work. Finally, we introduce extreme quantile
regression based on extreme value theory and statistical learning methods, explaining

the motivations and objectives of our study.

& Chapter [3| presents our main theoretical contributions. We introduce a weighted max-
imum likelihood estimator for the conditional generalized extreme value distribution
within the framework of extreme quantile regression. We begin by showing how the pro-
posed approach overcomes key limitations of classical quantile regression, particularly
in the estimation of very high quantiles. We then establish the existence and consistency
of the weighted maximum likelihood estimator, where the weights are derived from the

generalized random forest methodology.

& Chapter [ presents our first applicative-oriented contribution. In this chapter, we de-
velop an extreme quantile regression (QR) method that combines extreme value theory
and statistical learning in order to overcome the limitations of classical quantile regres-
sion. Following the block maxima framework from extreme value theory, we model the
conditional distribution of block maxima using the generalized extreme value (GEV)
distribution, whose parameters are allowed to depend on the covariates. These param-
eters are then estimated through a weighted maximum likelihood estimator, where the
weights are provided by generalized random forests. To control the variability of the
shape parameter, we introduce an L;—type penalty acting on the fluctuations of the
function x — &(x) across the predictor space X. Simulation studies demonstrate that
the proposed method effectively addresses the challenges inherent to classical quan-
tile regression and outperforms several statistical-learning-based quantile regression ap-
proaches. Finally, we apply our methodology to the daily weather data from the Fort
Collins weather station in Colorado, USA, thus illustrating its practical relevance in

real-world contexts.

& Chapter [5| presents our second applicative-oriented contribution. In this work, we in-
tegrate a penalty function on the extreme value index within the weighted maximum
likelihood estimator. This penalty, originally introduced by (Coles and Dixon, 1999) spe-
cially for unconditional GEV distributions, addresses the instabilities of the maximum
likelihood estimator in small-sample settings, while preserving its asymptotic efficiency

and performance for large samples. The effectiveness and robustness of the proposed
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methodology are demonstrated through comparative simulation studies and validated on
a real dataset, namely the 1980 U.S. wage data.

We concludes this manuscript and outlining several perspectives that naturally emerge from
the work conducted in this thesis. Finally, we note that the last three chapters, which present
our contributions, can be read independently. Each chapter begins with a brief review of the
essential notions, providing the reader with the necessary background to understand the results

without requiring a linear reading of the entire manuscript.
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Univariate Extreme Values

1.1 Introduction

Most standard statistical methods aim to characterize the central behavior of a distribution,
where the majority of observations lie and where notions such as the mean or variance play a
decisive role. Yet, many phenomena of interest, whether natural, financial, or industrial risks,
are governed not by typical behavior but by rare events occurring in the tails of the distribution.
Extreme Value Theory (EVT) is precisely concerned with studying these extreme regions and
providing a rigorous framework for their modeling. The emergence of this theory dates back to
1928, when Leonard Tippett, a researcher at the British Cotton Industry Research Association,
showed that the strength of a cotton yarn was determined by its strongest fiber. This insight
highlighted the limitations of mean-centered approaches in describing phenomena dominated
by extreme observations. A few years later, the foundational work of (Gumbel, 1941) marked
a major milestone, especially in hydrology for flood modeling, thereby initiating the first con-
crete applications of EVT. Since then, Extreme Value Theory has become an essential tool for
analyzing extreme risks across numerous fields: meteorology and climatology for the study of
extreme precipitation or temperature (Coles and Tawn, 1996), (Abdelaziz, 2013)), (Afroz et al.,
2021)); insurance for evaluating large claims (Bousebata, 2022), (Cohen Sabban, 2022), (Abad
et al., 2014); finance for the assessment of extreme risks (Gilli and kéllezi, 2006), (Bensalah,
2000); epidemiology (Butler et al., 1998); and anomaly detection (Bochenek and Ustrnul,
2022)), (Al-Behadili et al., 2016)). This chapter introduces the fundamental concepts of EVT,

presenting key asymptotic results and the main models used to describe tail behavior.

1.2 Univariate Extreme Values

Consider a sequence of independent and identically distributed (i.i.d.) random variables X1, X, . ..

with common distribution function F'. Let denote
M, = max{Xj,....X,}.
The distribution function of M,, is given by
Fiy, (x) = ITZ; [P(X; < x)] = F"(x). (1.1)

This relation shows that the distribution of the maximum depends directly on the underlying
distribution F'. However, in practice, F’ is not always known. Even when it is known, the distri-
bution of M,, may be difficult to compute explicitly. A natural approach consists in estimating
F from observed data using classical statistical methods, then substituting this estimate into

Equation (I.1) to obtain an approximation of the distribution of the maximum. However, this
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Univariate Extreme Values

method has a major limitation: a small error in the estimation of F can lead to significant
discrepancies between the true distribution of the maximum and its approximation. Extreme
Value Theory (EVT) aims precisely to overcome this difficulty by studying the possible lim-
iting distributions of M,, (after normalization). The pinoreering work of (Fisher and Tippett,
1928) on the limiting distributions of the normalized maximum of an i.i.d. sequence marks
the starting point of this theory. These results were later refined by (Gnedenko, 1943)), who
formalized the conditions for convergence. Subsequently, a unified formulation of the limiting
laws was proposed thanks to the contributions of (Von Mises, 1936) and (Jenkinson, 1955).
The fundamental theorem of this theory, known as the Extreme Value Theorem (see Theorem
, builds on these major contributions. Before stating the theorem, we recall the notion of a

degenerate distribution.

Definition 1.1. Degenerate Distribution
Let (Q,3,P) be a probability space and (y,B) an observation space. A random variable X :
Q — x is said to be degenerate, or to have a degenerate distribution F, if X is almost surely

constant.

Theorem 1.1. (Fisher and Tippett, 1928; \Gnedenko, 1943)
Let X1,X5,... be an i.i.d. sequence with distribution function F. If there exist normalizing

sequences a, > 0 and b, € R, and a non-degenerate distribution function G such that

lim F"(a,y+b,)=G(y), (1.2)

n—y+oo

then G must be one of the following three families of extreme value distributions
1. Gumbel (Type I): A(x) = exp(—exp(—x)), for x €R;

0, x <0,
2. Fréchet (Type II): CID% (x) = ! with & > 0;

exp(—x §), x>0,

exp(—(—x) &), x<0,
3. Weibull (Type IIT): ¥_, (x) = p(=(=) ) with § < 0.
E 1, x>0,

This theorem shows that, regardless of the distribution of the random variables X;, the possible
limiting distribution of the normalized maximum M, necessarily belongs to one of the three

extreme value distribution families.
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Generalized Extreme Value Distribution

1.3 Generalized Extreme Value Distribution

The three classical distributions presented previously can be combined into a single parame-

terization, introduced by (Jenkinson, 1955)), of the form

exp(—(1+80) 1), E£0, 1+8x>0,

exp(—exp(—x)),  §=0,

Ge(x) = Vx €R. (1.3)

The parameter & is called the extreme value index and controls the heaviness of the tail of the
distribution. This distribution is known as the Generalized Extreme Value distribution, abbre-
viated GEV. The set of distribution functions F satisfying equation (I.2) forms the domain of
attraction of Gg, denoted Q)(G{;). The most general form of the GEV distribution is given by

exp —(1+ax‘7“)_§>, E40,
+ Vx €R, (1.4)

exp —eXp(—x_T“)) . E=0,

where u € R, 6 > 0, and & € R are respectively the location, scale, and shape parameters. We

G/J,G,Zj, (X) =

denote a; = max{0,a}. This distribution combines the three classes of extreme value laws.

Mainly

» when & > 0, one recovers the Fréchet distribution;
» when § < 0, one obtains the Weibull distribution;

 when & = 0, the Gumbel law is recovered as the limiting case of (1.4).

Readers interested in the proof of this result, or wishing to explore the concepts introduced in
this chapter in greater depth, may refer to the monograph by (De Haan and Ferreira, 2006).
Let us recall that the previous results may also be adapted to the study of minima using the

following transformation
min(Xj,...,X,) = —max(—Xj,...,—X,).

In the remainder of this manuscript, we restrict attention to the case of maxima; the corre-
sponding results for minima follow from an analogous reasoning.

Before proceeding further, we introduce some notations that will be used throughout the
chapter. If X denotes a real-valued random variable with distribution function F', the right

endpoint of F, that is, the upper bound of its support, is defined by

x"=sup{x €R:F(x) <1},

ULHN ©2026 10 Lucien Mahutin VIDAGBANDJI



Generalized Extreme Value Distribution

with the convention sup{@} = co. We also define

* the generalized inverse of F, given by

F(x)=inf{y e R: F(y) > x};

* the function U (-), defined as the generalized inverse of that is

o= (115 o

¢ the asymptotic equivalence relation, denoted f(x) ~ g(x) as x — a, if

1
[—F()

limM =1.

x—a g(x)

We may now state the necessary and sufficient condition for a distribution function F to belong

to the domain of attraction of the generalized extreme value distribution, denoted D(Gg ).

1
Theorem 1.2. Let U be the generalized inverse of the function T F Then F € D(Gy) if and

only if there exists a positive function a(-) such that
Utx)—U(r) x5-1

tEToo a(0) = g forall x > 0. (1.5)

This relation, known as the extreme value condition, forms the basis of many estimators of the
extreme value index &, a key parameter in the analysis of rare events. Among the most classical
estimators are: Hill’s estimator (Hill, 1975), Pickands’ estimator (Pickands 111, 1975), and the

moment estimator.

Definition 1.2. Let X1,X>,... be ani.i.d. sequence of random variables with distribution func-
tion F. We say that F is max-stable if, for every n > 2, there exist constants a, > 0 and b,, € R
such that

lim F"(ayx+by) = Ge(x), VxeR. (1.6)

n—y+-oo
A possible choice of the function a(¢) in Equation (L.5)) is
e a(t)=EU(1),if & > 0;

«a(t)=—&(U() = U(r)),if § < 0;
. a(t):U(t)——/otU(s)ds, ifE—0.

t
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Extreme Value Analysis

The normalization constants introduced above are then

A distribution is max-stable if and only if it follows a generalized extreme value distribution
(Coles, 2001). There are two main approaches commonly used in the analysis of extreme
values: the block maxima (BM) method and the Peak-Over-Threshold (POT) method. In the

following, we present these two approaches and derive the corresponding quantile expressions.

1.4 Extreme Value Analysis

1.4.1 Block Maxima Method and Associated Quantile

Let X1,---,Xn be a sequence of i.i.d. random variables representing the available data for the
analysis. The block maxima method, commonly referred to as the Block Maxima approach
(denoted BM), consists in dividing the initial sample into several blocks of equal size and ex-
tracting the maximum of each block for further study. Assume that the data sequence is divided
into n blocks of size m, denoted Bju = {X(j_1\m+1---:Xjm}, J=1,...,n. The maximum
of the j block is then defined by

Zjm =max{Bj,}.

Under the assumption that m — +-co, Theorem|I.I]implies that these maxima follow asymptoti-
cally a Generalized Extreme Value distribution given by equation (5.2)). The BM approach also
assumes that the sequence of block maxima, Zj ,, ..., Z, m, consists of i.i.d. random variables
following a GEV distribution (see (Fisher and Tippett, 1928) and (Gnedenko, 1943) for further
details). Based on these data, several inference methods can be used to estimate the parame-
ters of the corresponding GEV distribution, including the method of moments and maximum
likelihood estimation.

To illustrate the BM approach, suppose that the available data are represented in Figure[I.1]

The BM method then consists in retaining, for inference, only the red observations shown in

Figure[1.2]

Quantile Obtained via the BM Approach

Once the GEV distribution is fitted, one of the main objectives is the estimation of the quantile

associated with a probability level T € (0, 1) with T — 1, defined by

0(t) = inf{y: Gy ag(y) > 1},
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Figure 1.2: Block maxima

The quantile of order T under the BM approach corresponds to the generalized inverse of the

GEV distribution and is given by

u+§ (~In()~t-1], ifg o0,
ot) = (1.7)
u—cln[—In(t)], if § =0.

In hydrology, this quantile is referred to as the return level, and it is associated with a return

period equal to IL_T In other words, the return level represents the value expected to be reached

or exceeded, on average, once every 1%1 cycles (e.g., years) (Coles, 2001).

Although widely used in practice, this approach may lead to estimation inaccuracies. In-
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deed, some blocks may contain several extreme events, whereas others contain none. An in-
appropriate choice of block size may either increase the variance (few blocks) or introduce
bias (many blocks). Thus, selecting the block size requires a bias—variance trade-off, which is

a central issue in the practical implementation of the BM method.

1.4.2 Peak-Over-Threshold Method and Associated Quantile

This approach, initially introduced by (Balkema and De Haan, 1974), was later formalized
more rigorously by (Leadbetter, 1991)). To present the method, consider again a sequence of
i.i.d. random variables Xi,---,Xy with cumulative distribution function F. Let u be a suffi-
ciently high threshold such that u < x*. Assume that F satisfies the conditions of Theorem|[I.1}

Define the excess random variable ¥, = X —u | X > u, representing the exceedance above
the threshold u. The distribution function H,, of Y, is given by the Generalized Pareto Distri-
bution (GPD) with parameters & and &

Fy, (t)=H,(t)=1- (1 —I—%) 72, where 6 =6 +&(u—pu). (1.8)

Indeed, one has

H,(t)=PX—u<t|X>u)
Plu<X <u+t)

P(X > u)
1 —F(u+t)
=1-— 1.9
1 —F(u) (19)
Since F satisfies the assumptions of Theorem|[I.I] we have
+
t_
F"(t) = exp [— (1 +§—‘u) ] :
o
Thus,
1
t—u\ ¢
nlogF (1) = — (1 +§T"’) . (1.10)

For large values of ¢, one may approximate log F(¢) ~ F(t) — 1, which yields

1
1 e
1—F(u)z;(1+§”6“) ,
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for sufficiently large u. Furthermore, for any ¢ > 0,

1
1 u+t—pu\ &
1-F H~-11 s .
s (14850
Substituting these approximations into (I.9)), we obtain

(148ut)

(14818) ¢

*(”%)é’

which corresponds to the GPD distribution in (1.8).

Hu(t) =1-

As an illustration, the Peaks Over Threshold approach consists in considering only obser-
vations exceeding a fixed threshold u, and approximating the distribution of these exceedances
by the GPD. In other words, this method focuses exclusively on the extreme observations (

shown in red in Figure [[.3)) which correspond to the highest values in Figure [I.1] i.e., those
exceeding the chosen threshold u.
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Figure 1.3: POT approach
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Domains of Attraction

Quantile obtained via the POT Approach

Once the Generalized Pareto Distribution (GPD) is fitted to exceedances above a threshold u,
it is possible to derive the quantile associated with a probability level T € (0, 1) with T — 1.
From ((1.9)), for any x > u we have

1= F(x) = (1=F(u) (1 - Hy(x—u)),

where H), is given by (1.8)). By substituting the expression of H,, we obtain

s

|- F(x) = (1 - F(u)) (1+§<x;”>> Cror1+ S

Assuming that the threshold u corresponds to a quantile denoted Qr, at probability level Ty,
i.e., u=Q(19) and F (u) = 1o, the quantile of order T > 1y is given by

(4] 1—1 -5 .
0(0) = Qo) +g (1—10) _1]’ ifs#0. G
0(t) +61n (ﬁ‘_?) , ifE =0,

The quantity Ty is often referred to as the intermediate probability level.

The POT approach, although widely used in practice for modeling extreme events, also
presents difficulties related to the choice of the threshold, much like the choice of block size in
the BM approach. Indeed, selecting the threshold is delicate: a low threshold introduces bias,
whereas a high threshold increases the variance of the estimates. Thus, the bias—variance trade-
off remains a central issue in the practical implementation of the POT method. The choice
between these two approaches depends primarily on the nature and availability of the data

used for extreme value analysis, each offering both advantages and limitations.

1.5 Domains of Attraction

Depending on the sign of the extreme—value index &, three domains of attraction for ex-

treme—value distributions are distinguished.

Case =0

When & = 0, we have x* = +o0. The survival function 1 — Gp(x) decreases exponentially as
X — too, ie.,, 1 — Go(x) ~ e * (light-tailed distributions). In this case, the distribution F
belongs to the Gumbel domain of attraction, denoted D(A). This includes, for example, the

normal, exponential, gamma, and the Gumbel distributions.
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Case & >0

This case corresponds to the Fréchet distribution with parameter oo = 1/&. The survival func-
tion decreases as a power function, that is, 1 — Gg (x) ~ &‘1/ Ex~ 18 asx— oo (heavy-tailed,
Pareto—type distributions). The distribution F' then belongs to the Fréchet domain of attrac-
tion, denoted D(®,). Here we still have x* = . This domain includes, in particular, the

Pareto, Cauchy, Burr, and Student distributions (with small degrees of freedom).

Case & <0

This case corresponds to the Weibull distribution with parameter o = —1/&. The distribution
F has a finite upper endpoint x* = —%, beyond which F(x) = 1. We say that F belongs to the
Weibull domain of attraction, denoted D(¥ _ % ). Typical examples include the uniform, beta,
and Reverse Burr distributions.

Figure[I.4]illustrates the cumulative distribution function of the extreme—value distribution

for the different domains of attraction.
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Figure 1.4: Cumulative distribution function of the GEV distribution for y =0, 6 =1 and
£e€{-0.9,0,0.9}.

We now describe in more detail the characteristics of these domains of attraction using
the notions of regular variation. To do so, we introduce a few definitions and fundamental

properties.
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Domains of Attraction

Definition 1.3. A measurable function H : Ry — R is said to be regularly varying at infinity
with index a € R (denoted H € RV),) if, for every t > 0, we have

lim %)
X—>—+oo H(x)

:l’a

Intuitively, a regularly varying function behaves asymptotically like a power function.
When a = 0, the function H is said to be slowly varying (denoted H € R1}) and is often

written as L(x).

Propriété 1. Every regularly varying function H with index a € R at infinity can be written as

H(x) =x"L(x), withL€ R1).

Proof. Let H be a regularly varying function at infinity with index a, and set L(x) =
H € RV, then L € R1V}. Indeed,

= lim
x—+eo 14H (x)

. H(tx)
— lim
1% x— oo H(x)
= 1, because H € RY,.

Thus L € R1. ]

This result reduces the study of regularly varying functions to that of slowly varying func-

tions at infinity.

Theorem 1.3. (Karamata Representation)

Every slowly varying function L can be written as

L{t) = c(t) exp { /1 t Mdu]

u

where c(-) and 8(-) are functions from Ry to Ry such that

lim c¢(f)=c (c>0), lim &(¢) = 0.

t—+too t—+oo

The proof of this theorem can be found in (Resnick, 2007) and (Resnick, 1987). The fol-
lowing proposition will be particularly useful later.
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Propriété 2. 1. IfH € RV; with§ € R, then

logH 0, ifE<0,
im 22HW e tim () = /5
x—+e  logx x—ro0 oo, ifE>0.

Y

2. IfH € RV with &> 0 (resp. § <0), then H™ € RV je (resp. H (1/x) € RV_y ).

3. IfH € ‘K‘Vg with § € R and 6 > 0, then there exists to such that for all x > 1 and t > 1y,
we have

(1—0)]x>°< < (14 06)x570.

~ H(t)

4. IfH € K'Vg with & # 0, then there exists a function H* that is absolutely continuous,
strictly monotone, and such that H(x) ~ H*(x) as x — oo,

The proof of this proposition can be found in Proposition 2.6 of (Resnick, 2007). Many
results in extreme—value theory rely on these theorems and properties, notably in (De Haan
and Ferreira, 2006), (Resnick, 1987), and (Beirlant et al., 2006). We will use them here to
characterize the different domains of attraction, that is, to determine, from the distribution
function F of a random variable X, the necessary and sufficient conditions for it to belong to a

given domain of attraction, as well as the associated normalizing constants.

1.6 Characterization of the Domains of Attraction and As-

sociated Quantile

The following theorem, known as the Von Mises condition, provides a sufficient condition for

a probability distribution to belong to a given domain of attraction.

Theorem 1.4. Von Mises Condition (De Haan and Ferreira, 2000)
Let F be a distribution function defined on R, with right endpoint x*. Assume that F" exists
and that F'(x) > 0 for all x in a neighborhood of x*. If

lim (1;,F) (x) =E, (1.12)

x—x*

valentl
or equivalently, (1= FO)F" ()
li =—E—1
o (F/(x))2 -1

then F belongs to the domain of attraction of Gg, denoted F € D(Gg).
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In terms of the previously defined function U, condition (1.12)) is equivalent to

1
im XU () =&—1.
x—eo U'(x)
This also implies that
U'(t
(1) =571 Ve (0,400),

o U'(x)
For more detail, see Corollary 1.1.10 in (De Haan and Ferreira, 2006). A simpler characteriza-
tion can be obtained when & # 0.

Theorem 1.5. (De Haan and Ferreira, 2000))

1. Suppose that x* = +oo and that F' exists. If

. xF'(x) 1
xglfool——F'(x) = E, fOl" some a > 0,
then F belongs to the domain of attraction of the Fréchet distribution, denoted F &
D(D ! ).

2. Suppose that x* < +oo and that F' exists for all x < x*. If

. (¥ =x)F'(x) 1
lim ———— = —— 0
lim = F ) £ for some § < 0,
then F belongs to the domain of attraction of the Weibull distribution, denoted F &
D(Y_ ! ).
The interested reader may consult (De Haan and Ferreira, 2006) or (Resnick, 1987) for
full proofs. We now present the necessary and sufficient conditions allowing one to determine

whether a distribution function F belongs to a particular domain of attraction.

1.6.1 Fréchet Domain of Attraction and Associated Quantile

Theorem 1.6. (De Haan and Ferreira, 2000)
A distribution function F belongs to the Fréchet domain of attraction, denoted F € D(®,), if

il

and only if x* = +oo and
lim ———~>=¢t ¢, forallt>0, with§>0.

Equivalently, F € Q)(CI)%) if and only if the survival function F = 1 — F is regularly varying at

infinity with index —é. The corresponding normalizing sequences are

ap,=(z)"(n) and b,=0.

~xy—
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Thus, any distribution F in the Fréchet domain of attraction can be written as
1
F(x)=1—x tL(x), whereL(:) € RW. (1.13)

This result, due to (Gnedenko, 1943)), shows that a distribution function belongs to Fréchet’s
domain of attraction if and only if its survival function is regularly varying. The complete proof
of this theorem is available in (Resnick, 1987) and (De Haan and Ferreira, 2006).

From (1.13)), the associated quantile of order 7T is obtained by inverting the probability

distribution function. This gives

ot)=(1 —r)‘:L(ﬁ) , LERN, t€(0,1).

This expression has led to many estimators of extreme quantiles and tail index for heavy-tailed
distributions, including Hill’s estimator. Thanks to Karamata’s representation, one also has the

following characterization.

Corollaire 1.1. (Corollary 1.12 in (Resnick, 1987))
F € D(® ! ) if and only if there exist measurable functions c(-) and d(-) defined on (1,+o0)
such that

1
lim c(x) =C >0, lim d(x) =< >0,
X—r+too X—>+-o0 E_,

and

1.6.2 Weibull Domain of Attraction and Associated Quantile

Theorem 1.7. (Resnick, 1987)
A distribution function F belongs to the Weibull domain of attraction, that is F € D(W_

) if

o —

and only if x* < 40 and
|
1—F<x ——>EKWé, x—o, (£<0).
x
Similarly, the following results show that it is possible to establish a direct correspondence

between the domain of attraction of Weibull and that of Fréchet using a simple change of

variable in the distribution function (see (Resnick, 1987)).

Theorem 1.8. A distribution function F belongs to the Weibull domain of attraction with ex-
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treme value index § < 0 if and only if x* < +oo and the function

0, ifx <0,
F(x*—x7Y), ifx>0,
belongs to the Fréchet domain of attraction with index —E&,
Thus any F in the Weibull domain can be written as
1

F(x):1—(x*—x)_EL((x*—x)*1), forall x<x*, where Le€R%N. (1.14)

The associated quantile of order T is

1
o —x—-04c(rL), cenn
The normalizing sequences are:
ap,=x"—F~(1/n), by = x".

Another characterization based on Karamata’s representation is given by the following corol-

lary.

Corollaire 1.2. (Corollary 1.14 in (Resnick, 1987))
F € D(¥Y_1) ifand only if x* < oo and there exist functions ¢ : Ry — Ry, d: Ry — Ry and a

constant co > 0 such that:

x—x* x—x*

1
lim ¢(x) = “E >0, lim d(x) = cy,

and

F(x)=d(x)exp{—/xx <) dt}, <x"

1 X*—t

1.6.3 Gumbel Domain of Attraction and Associated Quantile

The Gumbel domain of attraction is generally harder to characterize than the Fréchet or Weibull
domains. We present here a classical characterization from Proposition 1.4 of (Resnick, 1987).

A distribution F'* with endpoint x* is called a Von Mises function if there exist zg < x* and
¢ > 0 such that for all x € (zo,x*):

1—F*(x):cexp{— ;ﬁdu}, (1.15)
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where k is positive, absolutely continuous on (zo,x*), with derivative k’(u) satisfying

lim ¥ (u) = 0.

u—x*

The function £ is called the auxiliary function. The following characterization establishes the

link between Von Mises functions and the Gumbel attraction domain.

Theorem 1.9. A distribution function F belongs to the Gumbel domain of attraction, F €
D(A), if and only if there exists a Von Mises function F* such that for all x € (zp,x"),

F) = () (1 F*(x)) = e(x) exp{— Z:ﬁdu}, (1.16)

with
lim ¢(x) =c¢ > 0.

x—x*

and where the function k(.) and the constant z¢p are defined in equation

The endpoint x* may be finite or infinite in this domain of attraction. The corresponding

normalizing sequences may be chosen as

an:Q(%), by = ﬁ/ﬂj(l—F)(t)dr.

The explicit characterization of the quantile function in this domain of attraction is more
complex than in the Fréchet or Weibull cases. However, it is possible to obtain a specific
expression for a subfamily of distributions known as Weibull-type tail laws. We first define
this family of distributions before providing a characterization of the corresponding quantile

function.

Definition 1.4. A distribution F is said to have a Weibull-type tail if there exists 3 > 0 such

that the survival function satisfies
—log(F(x)) € K(Vé'

The index [ is called the Weibull tail index and describes the rate of decay of the tail of
the distribution. If we assume that the auxiliary function &(-) used in equation (I.16) satisfies

KeRV ﬁ , then the survival function can be written as

1
F(x) = exp(—x_BL(x)> ) where L€ RN.
Basis on this forms, the quantile of order T € (0, 1) is then

0(1) = (—log(1—1)P L(~log(1-71)), L€ RW.
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This expression shows that, unlike the classical Fréchet and Weibull domains, distributions
in the Gumbel domain exhibit logarithmic growth of the extreme quantile, governed by the
slow regularity of the function L(-). They include, in particular, common distributions such
as the normal, exponential, and Gamma distributions, all of which have a Weibull-type tail.
Knowledge of the structure of these tails and the shape of the associated quantile plays an
essential role in modeling extreme values in rapidly decreasing distributions.

We now introduce the notion of the extreme conditional quantile, before reviewing the main
estimation methods proposed in the literature and analyzing their limitations. These issues will

form the basis of the methodological developments presented in this thesis.

1.7 Extreme Conditional Quantiles

Let Y be the univariate response variable of interest and X a p-dimensional covariate vector.
We observe a random sample {(y;,x;), i = 1,...,n} drawn from the joint distribution of (¥, X).
For a probability level T, € (0,1), the conditional T,-quantile of Y given X = x, denoted by

Oy (T | x), is defined as the solution to

Fy|x=(Qy (Tn | X)) = Tn, (1.17)

where Fy|x—, denotes the conditional distribution function of ¥ given X = x. We refer to ex-
treme conditional quantiles when T, — 1 as n — +oo. The estimation of lower-tail quantiles
(Tp — 0) can be handled similarly by working with the transformed variable —Y.

Estimating extreme conditional quantiles is central in the analysis of rare events, partic-
ularly in finance, insurance, hydrology, and climatology. The literature offers several classes
of methods for estimating quantiles when T approaches 1, differing in terms of structural as-
sumptions on the conditional distribution, degree of parametrization, and the way dependence
between Y and the covariates is modeled. In this section, we provide a unified review of the
main parametric, semi-parametric, non-parametric approaches, as well as extreme quantile re-

gression methods.

1.8 Different Methods for Estimating Extreme Conditional

Quantiles

1.8.1 Parametric Approaches

Parametric approaches assume that the conditional distribution of ¥ given X = x belongs to
a known family of distributions. In the extreme-value framework, two models dominate: the

generalized extreme value distribution (GEV), derived from the block-maxima approach, and
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the generalized Pareto distribution (GPD), used for excesses over a high threshold ((Coles,
2001)), (Embrechts et al., 1997)).

For a level 1, — 1, the conditional quantile can be approximated by replacing Fy|x—, in
(T.T7) with a GEV distribution with parameters u(x), 6(x), and §(x), or with a GPD having
parameters 6(x) and &(x). Dependence on x is incorporated by assuming that the parameters
follow a predefined parametric structure, such as linear or polynomial forms. The framework

proposed by (Davison and Smith, 1990), where

o(x) =exp(Bo+B1x),  &(x)=Y+mx,

remains one of the most widely used models. Significant extensions were later proposed, no-
tably by (Wang et al., 2012; Wang and Li, 2013). Although efficient when the model is cor-
rectly specified, these approaches are sensitive to misspecification, which may induce substan-

tial bias in extreme quantile estimation.

1.8.2 Semi-Parametric Approaches

Semi-parametric approaches aim to reduce the impact of strong structural assumptions on
the conditional distribution while relying on extreme-value theory to extrapolate into the tail.
They typically rely on estimating an intermediate quantile Q,(To), for some moderate proba-
bility level Ty, using classical quantile regression (Koenker and Bassett, 1978)), followed by an

extrapolation toward T, — 1 based on the approximation

-1y 5@ _q
Ox(Tn) ~ Ox(T0) + <1_T"2(x) o).

where &(x) is the local tail index and 6(x) a local scale parameter.

The tail index may be estimated using conditional adaptations of Hill’s estimator (Hill,
1975)), Pickands’ estimator (Pickands III, 1975)), or kernel-based methods (Wang et al., 2012),
(Daoua et al., 2013). These approaches now form the conceptual foundation of many modern

extreme quantile regression techniques.

1.8.3 Non-Parametric Approaches

Non-parametric methods aim to directly estimate the extreme conditional quantile without
imposing a specific parametric form on the conditional distribution. They rely on kernel es-
timators of the conditional distribution function or on resampling techniques adapted to ex-
treme tails. Recent advances include the works of (Daouia et al., 2013)), (Gardes et al., 2020),

(Allouche et al., 2024), which show that estimation remains feasible even in contexts where
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standard parametric assumptions fail. However, these approaches typically suffer from high

variance, especially when the covariate dimension is large.

1.8.4 Extreme Quantile Regression

Quantile regression, introduced by (Koenker and Bassett, 1978)), provides a flexible alternative
for modeling the dependence between Y and X in a nonlinear and heteroscedastic manner.
However, when the level T is very close to 1, the number of available observations in this
region becomes extremely small, leading to numerical instability and large variance. We return
to these methods in Chapter [2] after introducing the framework of statistical learning.
Overall, existing approaches suffer from structural limitations: sensitivity to the threshold
choice in POT methods and Block size in BM methods, dependence on the intermediate level
in semi-parametric approaches, difficulty in estimating the tail index under heterogeneity or
dependence, and high variance in non-parametric and direct quantile regression approaches.
These limitations motivate the development of new methods, based on statistical learning,
capable of more accurately modeling the conditional tail, capturing the dependence between
covariates and tail parameters, and providing robust estimators for extreme probability levels

even when the covariate dimension is large.
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General Principle of Supervised Learning

2.1 Introduction

Over the past few decades, statistical learning has become an important tool for analyzing com-
plex data, especially when the relationships between the variable of interest and the covariates
are nonlinear, exhibit heteroscedasticity, or involve a large number of variables. In many fields,
such as financial risk management, hydrology, or engineering, these difficulties become even
more significant due to a major problem: the scarcity of extreme observations. Classical tools
from extreme value theory (EVT), presented in Chapter [} provide a rigorous description of
asymptotic tail behavior, but they may become limited when one seeks to fully incorporate
covariate information or to model highly multidimensional phenomena. Statistical learning of-
fers a flexible and powerful collection of methods for exploiting such information, particularly
through non-parametric or semi-parametric regression approaches. It provides a general frame-
work for estimating an unknown function linking a response variable Y to a covariate vector
X, whether in regression, classification, or unsupervised learning. In a supervised setting, the
goal is to estimate an unknown function f relating Y to X, based on a training sample. This es-
timation relies on the minimization of a theoretical risk, which is approximated in practice by
its empirical counterpart. Controlling model complexity, at the heart of the theory introduced
by Vapnik (Vapnik, 2000), prevents overfitting and ensures good generalization properties on
new data. This theory was introduced by (Vapnik, 2000) and later popularized by Hastie in
his book (Hastie, 2017). The objective of this chapter is therefore twofold. On the one hand,
we present the theoretical foundations of statistical learning necessary for understanding the
regression methods that we will use later. On the other hand, we show how these tools relate
to issues specific to extremes, and how they motivate the extreme quantile regression methods

developed later in this manuscript.

2.2 General Principle of Supervised Learning

Consider a training dataset
By = {(X,', Yi)}?:la

where X; € X C R? denotes a vector of covariates and Y; € 9 C R the associated output.
The pairs (X;,Y;) are assumed to be independent and identically distributed according to an
unknown distribution P associated with the random couple (X,Y). The following terminology

1s commonly used
* (X;,Y:): example or observation,
* X;: input variable, explanatory variable, covariate, or feature,

* Y;: output variable, response, or target.
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In supervised learning, the aim is to construct a prediction function which, when applied
to a new observation xo outside the training sample, provides an accurate estimate of the cor-

responding output variable yg. To formalize this, we introduce the following notions.

Definition 2.1. A prediction rule is any measurable function f : X — ) that assigns a pre-
dicted value f(x) to any input x € X.

To evaluate the quality of a prediction rule, we use a loss function that measures the dis-

crepancy between the real value y and the prediction f(x).
Definition 2.2. A loss function is a measurable mapping L : ) x Y — R satisfying

1. L(y,y)=0 forallye?,

2. L(y,y))>0 forally+#y'.

Example 2.1. Among the most commonly used loss functions, we mention

o the absolute loss: L(y,y') = [y — '

e the L? loss: L(y,y") = |y —Y'|P for p > 1 (with p = 2 in the quadratic case),

* the quantile loss
T(y_Q)7 y Z q,
p‘C<y7q) =
(t=D0—49), y<q

The performance of a prediction rule f is measured through its theoretical risk, also called

the generalization error (Vapnik, 2000), defined as

Rp(f) =Ep[L(Y,f(X))]. (2.1)

If F denotes the considered model class, that is, the set of admissible prediction rules, the best

rule (also called the oracle or Bayes predictor) is defined as
f* € argminRp(f). (2.2)
feF

This function depends on the joint distribution of (X,Y’), which is unknown in practice, making
its use difficult. Note also that this target function is not necessarily unique. The case where

we consider the quadratic loss provides an important example of a target function.

Remark 2.1. For the quadratic loss, the target function is given by the conditional expectation:
fTx) =E[Y | X =x].

In practice, since f* is generally inaccessible, it must be approximated from the training

sample using an appropriate estimation algorithm.
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2.3 Learning Algorithms

A learning algorithm, also called a prediction algorithm, is a measurable mapping

~

f:(Xx9)'"—7F

that associates to any training set B, = {(X1,Y1),...,(X;,Y,)} a trained prediction rule, de-

~

noted f(-;B,). In other words, a prediction algorithm transforms a sample into a function
meant to predict new observations.
The quality of a learning algorithm is naturally evaluated using the theoretical risk of the

estimated function. We consider the difference

Re(F(-:8,)) = Re(f").

called the excess risk. Since this quantity is random (as it depends on B,), several measures

are used to assess the performance of the learning algorithm, notably

1. the expected risk:
E[Re(f(-3B.))] —Re(f"),

where the expectation is taken with respect to the distribution generating the sample;

2. the excess risk probability:

P(Rp(f(-;qsn)) “Re(f) > e) . e>0.

For notational simplicity, we will simply write 7 (resp. f(x)) instead of f( -3 By) (resp. f(x; By)).
A fundamental criterion for assessing the quality of an algorithm is its ability to approxi-
mate the target function f* as the sample size tends to infinity. This property, which ensures

good generalization, is formalized by the notion of consistency.

Definition 2.3. (Arlot, 2018))

Let (ﬁ,)n be a sequence of learning algorithms.

1. We say that fn is weakly consistent for the distribution P if

E [Rp(ﬁ)} — Rp(f*) asn— Hoo.

2. We say that fn is strongly consistent for the distribution P if

Re(fn) % Re(f7),
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where f* denotes a target function.

Definition 2.4. An algorithm is said to be consistent for a family of distributions P if it is
consistent for all P € P.

Definition 2.5. An algorithm is universally consistent if it is consistent for every probability
distribution on X x ¥,

The ultimate goal is to construct an algorithm that minimizes the generalization error (2.1,
which depends on the unknown distribution P. Consistency, especially universality, provides
a strong theoretical guarantee: it ensures that the algorithm will converge to the optimal rule
regardless of the mechanisms generating the data. When P is unknown, it is natural to replace
it with its empirical counterpart based on the sample B,, which leads to the minimization of
the empirical risk. The next section describes the fundamental properties of algorithms built

according to this principle.

2.4 Empirical Risk Minimization Algorithms

Throughout the framework of statistical learning, the fundamental objective is to approximate
as closely as possible the optimal prediction function, denoted f*, defined as the minimizer of

the generalization error

Rp(f) =Ex y)~p[L(Y, f(X))].

When the distribution P is unknown, which is the typical situation in practice, one only has
access to a training sample B, = {(X;,Y;)}?_,. The risk is then estimated using the empirical
risk

1 n
=] Z (Y, f(X 2.3)

2.4.1 Inductive Principle

To approximate the generalization error Rp, statistical learning theory formalizes a fundamen-

tal inductive principle composed of two essential ideas:

* replacing the ideal objective Rp(f) by its observable approximation, the empirical risk

A

Rn(f)§

« approximating the minimizer of Rp by the minimizer of R, over a constrained function

class.

This paradigm forms the basis of a wide range of supervised learning methods: least squares

regression, maximum likelihood, logistic regression, support vector machines, among others
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(Vapnik, 2000). The empirical risk is indeed an unbiased estimator of the true risk, making it

natural to choose the prediction rule that minimizes R,,.

Definition 2.6. Let H C F be a class of predictors (also called a model) and ‘B, a training
sample. An empirical risk minimization (ERM) algorithm over H is defined by

For € ar minR,(f;B,).
f}[ gfeﬂ'[ (f n)

By abuse of notation, we will denote this minimizer by fg{ when the sample is clear from

context.

The choice of the class # is crucial: a class that is too restrictive leads to a high approxima-
tion bias, whereas an overly rich class results in overfitting. The optimal trade-off is classically

interpreted through the bias—variance decomposition.

2.4.2 Consistency and Excess Risk

The property of consistency characterizes the ability of an algorithm to learn the best function

in the model # as the sample size grows.

Definition 2.7. (Vapnik, 2000) An ERM algorithm is consistent for a model # and a distribu-
tion P if

Re(f) & ]}gjf{RP(f) and  Ry(fy) > J}él;f{RP(f)-

In other words, the empirical risk and the true risk converge to the same limit as n — oo,

The excess risk is classically decomposed into two components

Rp(fs) = Rp(f*) = Re(fy) — inf Re(f)+ inf Re(f) —Rp(f").

feH feH
Excess risk ~ ~- ~ ~ -
Estimation error Approximation error

The approximation error decreases when the class # is enriched, while the estimation error

tends to increase, this is the fundamental bias—variance dilemma.

Upper Bound on the Estimation Error
A first general bound is given by the following proposition.

Propriété 3. (Arlot, 2018)

For any model H C F and any empirical minimizer fg{, we have

A

Rp(fs) _fiéljf_[RP(f) < 2;U£[|Rp(f) —Ru(f)]-
S

ULHN ©2026 32 Lucien Mahutin VIDAGBANDJI



Empirical Risk Minimization Algorithms

This bound expresses that the generalization ability is entirely controlled by the uniform

deviation between the true risk and its empirical estimate.

2.4.3 Concentration Tools

To bound this deviation, concentration inequalities are used. We recall here Hoeffding’s in-

equality, derived from the following lemma.

Lemma 2.1. Hoeffding’s Lemma
Let Z be a bounded random variable in [a,b). Then, for any a,

Ocz(b—a)z.

InE[e*] < 0E[Z] + :

Propriété 4 (Hoeffding’s Inequalities). Let Z1,...,Z, be independent bounded random vari-
ables. Suppose that for each i € {1,...,n}, there exist constants a; < b; such that

a; < Z; < b; almost surely.

Define

Then for every t > 0,
P(S, >1) < ( 2 )
n>t)<exp|l =/
b iy (bi— a;)?

Complete proofs can be found in (Boucheron et al., 2013).

2.4.4 Case of a Finite Model H

Consider a finite model

-{]{:{flv"'an}7

where f; represents a prediction rule for all i € {1,...,M}.

Propriété 5. Assume that the loss function L is bounded in |a,b|. Then, for all x > 0,

p <Rp(fﬂ) ~ inf Re(f) < (b—a)\/w> Sl—e.

ferH n

This bound describes the generalization capacity of a finite model: the larger M is, the more

flexible the model becomes, but the logarithmic penalty In M increases accordingly.
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Model Selection via Penalized Criteria

Given a collection of models C, the goal is to identify the model that offers the best trade-off
between goodness of fit and complexity. A classical approach consists in selecting the model

that minimizes a penalized criterion
#{ = arg min {Ry(far) +pen(s)}.
HeC

The penalty term pen(#) controls the effective complexity of the model, thereby limiting the
risk of overfitting by counterbalancing an overly precise fit of the training data. Designing a
relevant penalty is a central issue in model selection theory. Many classical criteria fall within
this framework, such as the Akaike Information Criterion (AIC), Bayesian Information Cri-
terion (BIC), cross-validation, or approaches stemming from the principle of structural risk
minimization. Regularization methods also play a major role: notable examples include Ridge
regression (Hoerl and Kennard, 1970), the Lasso (Tibshirani, 1996), the Smoothly Clipped Ab-
solute Deviation (SCAD) penalty (Fan and L1, 2001)), adaptive Lasso (Zou and Hastie, 2005)),
and the Minimax Concave Penalty (MCP) (Zhang, 2010). These works have significantly con-
tributed to the development of effective penalties for selection and sparsity in modern statistical

models. For more details, see the book (Hastie, 2017)).

Model selection fits into a broader perspective aimed at controlling the generalization abil-
ity of statistical learning methods. Once a model is chosen, it becomes essential to assess the
quality of the associated estimation procedure, particularly in terms of stability, approxima-
tion capacity of the target function, and asymptotic behavior as the sample size grows. These
considerations motivate the study of consistency properties, approximation guarantees, and
empirical criteria for rigorously comparing algorithms. The next section presents some statis-
tical learning methods commonly used in practice, with a focus on those that will serve as the

foundation for our approach to extreme quantile regression.

2.5 Some Statistical Learning Methods

Suppose we observe a dataset
{(Xi7 Yl) ;l:l 9

where X; € X is a covariate vector and ¥; € 9 is the response variable. The goal of regression

is to find a function representing the target function 1 : R — R such that

nx) ~E[Y | X =x].
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In other words, we aim to approximate the regression function x — E[Y | X = x|. In the

following, we discuss several learning methods used to estimate the regression function.

2.5.1 Regression Trees

Regression trees form a widely used family of supervised learning methods, for both regression
and classification. In the regression setting, the objective is to estimate the function 1 defined
above. The principle of a regression tree is to partition the feature space X into homogeneous
regions (typically hyperrectangles) and to assign a constant prediction to each region, usually
the local average of the target variable. Among the most commonly used algorithms is the
CART algorithm (Classification and Regression Trees), introduced by (Breiman et al., 1984).
Consider a training dataset {(x;,y;) }_; withx; = (x/,...,x") € X. The main steps in building

a regression tree to approximate 1 can be summarized as follows.

1. Selection of the variable and split threshold.
The algorithm starts by selecting the best feature along which the data can be divided
into two subsets. In other words, it selects the best split of the space, represented by a pair
(j,t) consisting of a component j of the covariate vector and a threshold ¢ used to divide
the data into two regions. The notion of “best” is generally linked to the reduction in
the variance of the target variable within the resulting subsets. Variance is used because
the goal is to minimize the dispersion of the target variable within each region. The best
feature is thus a pair (j,#), where j is the index of the selected variable (i.e., the j™
component of x;) and ¢ is the threshold value of xl’ used to split the data while reducing
the variance of the target variable in the two resulting regions. If we consider the j
coordinate and ¢ as the splitting point (with ¢ belonging to the support of xlj ), the two

regions are defined as
Ri(j,t)={xi|x/ <t} and Ro(j,t) = {x;|x! >1}.

To determine the optimal pair (j,¢), the first step is to fixes a coordinate j and then
varies t over the support of xlj . For each value of ¢, the variance of the y; within the two
regions R;(j,t) and Ry(j,t) is evaluated. This procedure is repeated for all coordinates
j=1,...,p, and the pair minimizing the total variance in both regions is retained. This

corresponds to solving the optimization problem

argmin | Y. (vi—mean{y;l; € Ri(j,)})*+ Y (yi—mean{yilx; € Ra(j,1)})’
DU veR (i) X €R2(j 1)
2.4)

2. Data splitting.
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Once the pair (j,7) is determined, the data are split into two subsets corresponding to
Ri(j,t) and Ry(j,t), forming two child nodes of the tree.

3. Recursive procedure.
The previous steps are then recursively repeated for each node. The process stops when
a stopping condition is reached, such as a maximum depth or a minimum number of

observations per leaf (i.e., a terminal node that will not be split further).

4. Prediction.
Once the tree is built, to predict the value y for a new observation x, it is passed through
the tree following the appropriate branches until it reaches a leaf. The prediction is the
average of the responses of the observations contained in that leaf. Denoting by R(x) C X

the leaf containing x, the prediction is

1
|R(x)

Z Yi,

5}: N X)) =
k) |{i:x,-€R(x)}

where |E| denotes the cardinality of E.

Example 2.2. Figure illustrates an example of partitioning in the case p = 2, resulting in

five regions. The resulting model predicts a constant value C,, on each region R, i.e.,

5
ﬁ(x) = Z Cn 1{(x17x2)€Rm}'
m=1

Regression trees offer several advantages: simplicity, interpretability, and the ability to
capture nonlinear relationships without heavy preprocessing. However, they suffer from high
instability, small changes in the data can drastically alter the tree structure, and their predictive
performance is often limited. They are therefore considered weak learners. These limitations

motivate the use of ensemble methods, which stabilize and significantly improve performance.

2.5.2 Ensemble learning Methods

Ensemble methods aim to improve predictive accuracy by combining multiple models, based
on the idea that an aggregate of weak learners can produce a robust, accurate, and generalizable
model. They consist in training several regression models and aggregating their predictions.
Ensemble methods have become essential in statistical learning due to their ability to reduce
overfitting, improve stability, and adapt to various data structures (Hastie, 2017).

Among the most widely used techniques are Boosting and Bagging (Bootstrap Aggrega-
tion). In what follows, we focus on Bagging, as it is the building block of random forests,

which play a central role later in this chapter.
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Figure 2.1: Partition of a sample with predictor dimension p = 2 into five regions: 1,3 split
X1, and 1,14 split X5.

2.5.3 Bagging predictors

The bagging method introduce by (Breiman, 1996)) is an ensemble learning method consisting
of training multiple learning models in parallel, each on a different bootstrap sampleE| drawn
from the training set. The final prediction is obtained by averaging the predictions of the mod-
els (in regression) or by majority vote (in classification). The key idea of bagging (bootstrap
aggregating) is to generate multiple independent learning models and to combine their pre-
dictions in order to obtain a more stable and better—generalizing estimator. As an illustration,
consider a regression setting with a training sample D = {(x;,;) }i=1,...». The goal is to esti-
mate a predictive function able to predict, for any new observation x independent of the training
data, an accurate estimate of the associated output y, denoted ¥ = 1j(x). Bagging proceeds by
constructing B bootstrap samples D*?, b = 1,..., B, drawn with replacement from D, and by
fitting the learning algorithm separately on each bootstrap sample (decision trees are typically

used as base learners). Let f|*” (x) denote the prediction produced for an input x by the b-th

"Bootstrap sample: a sample of size n obtained by randomly drawing with replacement n observations from
the original dataset of size n.
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model in the ensemble. The bagging predictor is then defined as
A 1 5 A kb
nbag(x) =5 Z ™ ().
B =

The main effect of bagging is a reduction in the variance of the individual estimators. This vari-
ance reduction leads to improved stability and predictive performance compared with the base
models taken individually. Bagging is therefore particularly effective for learning algorithms

characterized by high variance and low bias, such as decision trees.

2.5.4 Random Forests

Random forests are a type of learning method used for both classification and regression
(Breiman, 2001)). They belong to the family of ensemble learning methods and provide a non-
parametric estimator of the conditional mean, i.e., the regression function 1. Given (X;,Y;) €
X x R, with X C R, random forests estimate 1 (x) = E(Y;|X; = x). A random forest consists
of an ensemble of decision trees, each constructed independently, similar to bagging. A key
difference between random forests and standard bagging lies in how the predictor variables
are used to split the nodes of each tree. Rather than considering all variables at each split, a
random subset of variables is selected. This additional randomization increases the diversity
among trees, enhancing the model’s generalization performance. Specifically, a random forest
aggregates B trees built in parallel from bootstrap samples drawn from the original training set.
Unlike standard CART trees, at each node, g < p variables are randomly selected from which
the splitting variable is chosen.

Let np(x) denote the prediction of the b-th tree for a data point x € X. In regression, this

prediction can be written as

1{Xi€Rb (x)}Yi

fp(x) = Z {i:X; € Rp(x)}|’

=1

b=1,...,B,

where Rp(x) C R? denotes the region of tree b containing x. The final prediction of the random

forest is given by

Ax) = =) M)

with

B 1y
o, Xp) = — § MR 2.5)
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The weights w,(x,X;) act as similarity measures and satisfy Y7 w,(x,X;) = 1.

It is important to note that this regression function is estimated by minimizing the squared
error loss during the construction of each tree. Random forests are widely recognized for their
ability to produce robust models that generalize well to datasets independent of the training
sample. The diversity introduced by random variable selection and the generation of boot-
strap samples reduces the risk of overfitting. These models achieve competitive performance
compared to more complex methods, while being less sensitive to hyperparameter settings.
Moreover, they remain relatively easy to use, requiring fewer hyperparameters to tune. Owing
to their robustness, reliable predictive performance, capacity to handle diverse data types, and
ease of use, random forests have become a popular choice in a wide range of statistical learning

applications.

Example 2.3. Figure 2.2] illustrates the prediction process of a random forest composed of

three trees.

Arbres . = =
O/ /’ R P\/ R f\/ Q.

f/‘ \\ . f / \\\ [\ /‘ \'\.\ |
d b d o &b do ¢ b do
\ I [ }‘\ | [ A I I

A | a
\ [ \
I f"'\ [

[\ / "\‘ ‘f“-‘ \ "\ fl“' “I‘ [ “-““’ l“. Ij'\l‘
063063636 66463646 db6dbdbdb

®

Final result

Figure 2.2: Example of a random forest consisting of 3 trees

The following subsection presents an adaptation of this learning method to the quantile
regression setting, which will be employed in this thesis to address the challenges of extreme

quantile regression.

2.5.5 Generalized Random Forests

Objective

The Generalized random forests, introduced by (Athey et al., 2019), extend the scope of clas-
sical random forests by enabling the estimation of statistical parameters defined as solutions

to local estimating equations. Unlike standard regression forests (Breiman, 2001), which aim
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to estimate the conditional mean E[Y | X = x|, generalized random forests (grf) enable the

estimation of a potentially vector-valued parameter 8(x) defined as the solution to
E[w(Y,X;:6(x))| X =x]| =0,

where y(+) is an estimating function chosen according to the task. The key contribution of
generalized random forests lies in the use of similarity weights w;(x) derived from the forest
structure to build a localized empirical version of the above equation. Thus, the estimator é(x)

1s obtained as the solution to

-

1w,-(x)\|!(Y,~,X,~;9(x)) =0.

~

This unified formulation allows the estimation of a wide range of statistical quantities, includ-

ing

conditional quantiles (quantile forests);

* heterogeneous treatment effects (causal forests);

local least squares and various semiparametric models;
* more generally, any quantity that can be defined by a local estimation equation.

This approach combines the flexibility of nonparametric methods with the statistical stability
provided by honesty and controlled subsampling of forests, thus providing a robust framework
for estimating complex parameters that are locally dependent on x.

In the following, we present in detail the functioning of these so-called honest random
forests, as introduced by (Athey et al., 2019), emphasizing the mechanisms of tree construc-
tion, the role of subsampling, and the definition of similarity weights, which play a central role

in many estimation procedures based on this learning method.

Subsampling and Tree Honesty

The random forests considered here rely on systematic subsampling without replacement.

From an initial sample of size n, each tree is built from a subsample
Sy C{l,...,n}, ISp| =5 <n,
where the subsample size s satisfies:

S
5§ — oo, ——0 asn— oo
n
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This condition ensures that each tree uses an increasing amount of information while remain-
ing weakly correlated with the others. To ensure honesty, each subsample S, is split into two

disjoint sets
* aset R? used to determine the structure of the tree (split selection);
* aset RS used only for estimation within the leaves.

Most often, these two sets have equal size, providing a balance between tree depth and estima-

tion stability.

Split Properties and Tree Depth

Tree construction relies on a randomized procedure for partitioning the covariate space. Splits

satisfy two essential properties
1. Symmetry: the procedure is invariant under permutations of the observations.

2. Balancing: at each split, a minimum proportion ® > 0 of observations is sent to each
child node.

Candidate splitting variables are selected randomly, each variable having a probability lower
bounded by a parameter ®© > 0. This randomization prevents domination of the tree structure
by a small number of variables.

In theory, the full set of ( ) possible trees could be exploited; in practice, a finite number

B is used, chosen large enough so that Monte Carlo error becomes negligible.

Similarity Weights w;(x)

A fundamental feature of generalized random forests is the interpretation of predictions as
weighted linear combinations of the training observations. For a new observation x, the simi-

larity weights are defined by
1 B
wi(x) == ) wip(x), (2.6)
B =

where w; ,(x) denotes the contribution of observation i in tree b. For a given tree, observation

i contributes to the prediction if it belongs to the leaf L, (x) containing x

1 - Rb
. _ {Xi€Ly(x), i€Ry}
I T

where .
L (x) ; 1{X €Ly (x), i€RS}
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By construction, leaf sizes are controlled by the allowable depths and the balancing parameter,

preventing degeneracy of the weights. The diameter of a leaf, defined by

diam(Ly(x)) = sup ||y —x]J2,
YELp(x)
plays a key role in consistency analysis. It has been shown in (Wager and Athey, 2018) that
this diameter decreases sufficiently fast to obtain asymptotic guarantees for honest forests.
These properties are essential for establishing the asymptotic validity of estimators based on
this learning method, especially in the presence of complex nonlinear relationships or high-

dimensional data structures.

We now introduce quantile regression methods, before reviewing estimation procedures

based on statistical learning and extreme value theory.

2.6 Quantile Regression

Classical regression, introduced by (Galton, 1889), aims to model the relationship between an

explanatory variable X and a response variable Y through a deterministic function f such that
Y =f(X)+e,

where € denotes a random noise term independent of X. The main objective is then to esti-
mate the conditional mean of ¥ given X = x. Numerous parametric methods (linear regres-
sion, polynomial regression, etc.) and nonparametric methods have been developed within this
framework. However, these approaches exhibit limitations in the presence of extreme values
or pronounced heteroscedasticity. The classical solution consisting in removing outlying ob-
servations often leads to a significant loss of information. To obtain tools that are more robust
and more informative regarding the conditional structure of the distribution of Y, (Koenker
and Bassett, 1978) proposed quantile regression (QR). This method relies on estimating the
conditional quantiles of ¥ given X = x and enables a richer analysis than the sole conditional
mean. QR is now widely used, notably in the study of wage inequality (Angrist et al., 20006),
insurance pricing (Abad et al., 2014), and precipitation modeling (Bagirov et al., 2017). This
model is particularly useful and powerful for analyzing data with asymmetric distributions or

containing extreme values.

For t € (0, 1), the conditional quantile of order 7 is defined by

QY|X:x(T> = inf{y: FY|X:x(y) > 1},
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and, when Fy|y_, is continuous,

Qx=(1) = Fyx_, (7). @7

The quantile regression model can thus be written as

Y = QY‘X:)C(T) +E7

where € is an error term. Another characterization of the conditional quantile is given by:
@(TIXZX):argnéi;lE[pr(Y—q)\sz}, (2.8)
q
with pg(c) = ¢(t— 1.<0) the asymmetric loss function.

Many contributions have enriched the literature on conditional quantile estimation, both
parametric (Wang et al., 2012), (Chernozhukov, 2005), (Koenker and Hallock, 2001), (An-
grist et al., 2006) and nonparametric (Allouche et al., 2024), (Daoua et al., 2013), (Benziadi
et al., 2016), (Meinshausen and Ridgeway, 2006), (Takeuchi et al., 2006), (Ye and Padilla,
2020), (Dabrowska, 1992). For example, (Koenker and Hallock, 2001) analyzed the evolution
of wages in the United States using QR, revealing an increase in inequality in the upper part
of the distribution. (Yu and Moyeed, 2001) introduced a Bayesian approach to quantile regres-
sion, allowing the treatment of missing data and variable selection. Extensions to the spatial
context have also been proposed, for instance in (Laksaci and Maref, 2009) and (Dabo-Niang
and Laksaci, 2012)).

The previously mentioned methods allow efficient estimation of conditional quantiles for
intermediate probability levels. However, when dealing with quantiles located in the tail of the
distribution, i.e., when 7 is close to 1, these approaches quickly reach their limits. In particular,
classical quantile regression models—parametric, nonparametric, or based on statistical learn-
ing methods—suffer from high variability in the extreme region, instability due to the scarcity
of relevant observations, and a lack of theoretical guarantees adapted to the asymptotic behav-
ior of conditional tails. To overcome these difficulties, it is natural to rely on Extreme Value
Theory (EVT), which provides a rigorous framework for modeling distributions in regions
of scarcity. Integrating EVT into quantile regression models thus enables the construction of
estimators that are better suited for the case where T — 1, more robust, and endowed with well-
established asymptotic properties. The next section therefore presents extreme quantile regres-
sion methods based on EVT and statistical learning techniques. These approaches combine
the flexibility of nonparametric models and the theoretical strength of extreme value results to

deliver effective estimators in the conditional tails.
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2.7 Extreme Quantile Regression Based on EVT and Statis-
tical Learning Methods

LetY € 9" C Rbe aresponse variable and X € X C R” a vector of covariates. Extreme quantile
regression focuses on estimating the conditional quantile Qy(t | X = x) when the probability
level T tends to 1, i.e., when studying the behavior of the upper tail of the conditional dis-
tribution. Considering the characterization (2.8) and a sample D, = {(X;,Y;)}"_,, a natural

estimator of the conditional quantile is given by

Qy|X:x( T) = arglgéml; wi (%, Xi) pe(Yie — q). (2.9
Existing methods differ mainly in the construction of the weights wy,(x, Xy), which measure
the similarity between x and the observations X;. However, when the dimension p is large,
these methods encounter the curse of dimensionality. Statistical learning approaches then offer
suitable solutions.
To our knowledge, the first occurrences of quantile regression in the statistical learning
literature appear in (Le et al., 2005) and (Meinshausen and Ridgeway, 2006). The latter in-
troduces Quantile Regression Forests (QRF), an extension of random forests for estimating

conditional quantiles. Since

Fyjx=x(y) = E[ly<yy [ X =x],

the estimator of the conditional distribution proposed in (Meinshausen and Ridgeway, 2006)

is given by

n
y|X—x Z (x,X;) 1{Y<y}7

where the weights w,(x,X;) are those defined by random forests (see (2.5))). The estimator of
the conditional quantile then directly follows from relation (2.7). Another approach based on
random forests is the Generalized Random Forests (GRF) method of (Athey et al., 2019), im-
plemented via the R package grf. This method optimizes tree construction according to a loss
function adapted to the task under consideration. In the context of quantile regression, the loss
function pr is used to build weights w,(x,X;) that accurately capture the local heterogeneity
of the quantile. Other contributions based on decision trees have also been proposed, such as
(Chaudhur1 and Loh, 2002)).

Although these approaches are effective for estimating non-extreme quantiles and allow
handling high-dimensional data, they face difficulties when the quantile of interest becomes
extreme, i.e., when T — 1. This limitation motivates the use of approaches combining extreme

value theory and learning methods.
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2.8 Motivations for the Work in This Thesis

Before presenting the contributions developed in this manuscript, it is necessary to highlight
the theoretical and methodological challenges encountered when estimating extreme condi-
tional quantiles. The issues described below directly motivate the approaches we propose. A
first difficulty associated with quantile regression models arises when the dimension p of the
covariate space X is high and when the relationship between the variable of interest ¥ and
the characteristics X is potentially complex. To address this situation, various approaches from
statistical learning have been developed, as discussed in the previous section (see, for example,
(Meinshausen and Ridgeway, 2006), (Athey et al., 2019), (Chaudhuri and Loh, 2002)).

The second difficulty arises when estimating quantiles associated with a high probability
level t,, which requires extrapolation into the distribution tail, as illustrated in Figure [2.3]

This extrapolation is delicate because of the scarcity of extreme observations. To illustrate this
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Figure 2.3: Illustration of the probability level as a function of the associated quantile.

issue theoretically in the unconditional framework, consider a sequence of independent and
identically distributed random variables Y1,...,Y, with an unknown distribution function F.

The distribution function of the maximum ¥{,,) = max;{Y;} is given by

Fy, (v) =F"(y).

ULHN ©2026 45 Lucien Mahutin VIDAGBANDJI



Motivations for the Work in This Thesis

The quantile g, of order T,, assumed to depend on the sample size, associated with the maxi-

mum Y, satisfies
P(Y(n) < gr,) = Tn-

When t,, — 1, we have

Fy, (q5,) =P (Y < g,)
=[F(qs,)]"
= (tn)"

=exp(nln(ty)).

Near 1, we have In(y) = (y—1) + (y— 1)e(y — 1) with lim;,_,o€(h) = 0. Thus, when 1, — 1,

we obtain
P(Y() < gr,) =exp[—n(l —1,)(1+&(t, — 1))] = exp [-n(1 —1,) (1 +0o(1))].

We see that the probability that the quantile exceeds the sample maximum depends on the
behavior of n(1 —t,). Thus, to estimate the extreme quantile, it is important to distinguish

between two cases:
* Ifn(1—1,) = +ooas 1, — 1, then P(Y,) < gz,) =0,

In this case, we estimate a quantile lying inside the sample. The number of sample elements
exceeding gz, is n(1 —1,), and a natural estimator of ¢g;, would be Y(ur,) if nTy 1s an integer,
or X(|1,|+1) otherwise (where |-] denotes the integer part). Here, quantile estimation poses
no difficulty. We call an intermediate quantile the largest quantile for which the condition
n(1 —1,) — oo is satisfied when 1, — 1. Let the order of this quantile be Ty, and recall that
existing methods for extreme quantile estimation work well for quantiles of order T, satisfying
Tn < To.

* If n(1-1,) €[0,+e0) as 1, — 1, then P(Y(,) < gz,) € (0,1].

The quantile to be estimated lies beyond the sample maximum, or only a few observations
exceed it. In this case, estimating g, is no longer possible by simply inverting the empirical
distribution function (for example, the empirical cdf satisfies £,(y) = 1 as soon as y > Yin))-
In our context, this corresponds to the extreme conditional quantile Qy|x—.(T,). It suffices to
replace the probabilities in the two cases above by those of the conditional distribution of
Y|X = x. To address this issue, an estimation method capable of extrapolating beyond the data
range is needed. Models based on extreme value theory have been proposed in the literature to
tackle this problem; see (Chernozhukov et al., 2017)) for a detailed bibliography. The main ob-
jective of this thesis is to propose models that address simultaneously the two issues mentioned
above.
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Several recent works have combined the Peak-Over-Threshold (POT) approach with sta-
tistical learning methods. For instance, (Velthoen et al., 2023)) propose an estimator based on
gradient boosting, while (Pasche and Engelke, 2024)) use neural networks to model the param-
eters of the generalized Pareto distribution. More recently, (Gnecco et al., 2024) develop an
approach combining POT estimation and generalized random forests (GRF). These authors ap-
proximate the conditional distribution Fy|x—, by a conditional generalized Pareto distribution,

leading to the quantile

(11:110) €W | |

Q (1) = Q(w) +0(x)

The estimation of the conditional quantile therefore relies on estimating the conditional param-
eters 6(x),&(x), and Q;(To), obtained by weighted maximum likelihood using GRF weights.
Simulations show that this approach outperforms classical quantile regression methods as well
as standard models from extreme value theory.

However, all these methods rely on the POT approach. In many practical situations, only
the block maxima are available, which motivates the use of the Block Maxima approach from
extreme value theory. To address this constraint, we propose in this thesis to integrate the BM
framework into statistical learning methods, thereby broadening the set of available tools for
tackling extreme quantile regression problems. In this direction, we develop new methodolo-
gies that combine the generalized extreme value (GEV) distribution with generalized random
forests (GRF). The parameters of the GEV distribution, assumed to depend on the covariates,
are estimated through a weighted maximum likelihood estimator, where the weights are pro-
vided by the GRF procedure. To mitigate overfitting and improve the estimation of the extreme
value index, we first introduce an L2-type penalization, followed by a specific penalty on the
extreme value index, as proposed by (Coles and Dixon, 1999), in order to stabilize estimation
even in small samples. The performance of the proposed methods is assessed through extensive
simulation studies, and applications to real datasets are also conducted. The results demon-
strate a substantial improvement in robustness and accuracy for estimating extreme quantiles,
establishing these methods as credible alternatives to existing approaches. Moreover, we es-
tablish the theoretical convergence of the weighted maximum likelihood estimator constructed
using GRF weights. The following chapters provide a detailed presentation of the extreme

quantile regression methods developed in this thesis.
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CHAPTER TROIS

CONSISTENCY OF WEIGHTED MAXIMUM
LIKELIHOOD ESTIMATOR FOR EXTREME
QUANTILE REGRESSION.

Les résultats présentés dans ce chapitre ont fait I’objet d’un article de recherche qui est
encours de soumission:

Vidagbandji et al. (2026). Consistency of Weighted maximum likelihood estimator for
extreme quantile regression. To be submitted.
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Introduction

3.1 Introduction

Quantile regression is a statistical method based on the estimation of conditional quantiles.
More precisely, given a response variable Y € 9° C R depending on a covariate X € X C R, the
objective of quantile regression is to estimate the conditional quantile of the response variable
Y given X = x, for any t € (0, 1) (Koenker and Bassett, 1978). Although this method provides
more comprehensive information on the distribution of Y as a function of the predictor variable
X than the conditional mean alone, it faces two main challenges. The first arises when the
relationship between the quantile function Q;(Y | X = x) and the covariate x is complex, highly
nonlinear, and when the dimension p of the predictor space X is large. The second difficulty
arises when we want to estimate a conditional quantile corresponding to an extreme probability
level, that is, a quantile of level t, — 1 such that n(1 — 1,) remains finite when n — oo, where n
denotes the size of the available sample. This situation poses a real challenge, as the estimation
requires extrapolation in the tail of the distribution, which is often problematic due to the
scarcity of data in this region. In this paper, we propose a method for estimating the conditional

quantile that simultaneously addresses these two issues.

It should be noted that the methods for estimating extreme conditional quantiles proposed
in the literature can be grouped into four main classes (Wang and L1, 2013)). The first consists of
directly applying quantile regression to model extreme conditional quantiles, without imposing
any assumptions on the conditional distribution ¥ | X = x. However, this approach suffers
from a lack of reliability for extrapolation in the tail of the distribution, which corresponds to
an area of low data density ((Chernozhukov, 20035)), (Bremnes, 2004), (Hallock and Koenker,
2001)). The second extends extreme value theory to the regression framework by adopting
a local estimation method, based on neighbourhoods of x, for the conditional quantile of Y
given X = x. The performance of this approach therefore depends heavily on the density of
the data around the considered point x ((Gardes and Stupfler, 2015), (Daouia et al., 2013),
(Gardes and Stupfler, 2019)). The third combines quantile regression and extreme value theory,
making certain assumptions about the behaviour of the tails. These assumptions, which are
often restrictive, such as linearity ((Chernozhukov and Fernandez-Val, 2011), (Wang et al.,
2012)) or tail equivalence (Wang and Li, 2013)), may fail in real-world applications, particularly
when the shape of the distribution varies according to the covariates. Finally, the fourth class
is based on parametric models, under the assumption that the distribution tail follows either
a generalised Pareto distribution (GPD) or a generalised extreme value distribution (GEV),
with parameters depending on covariates, either parametrically ((Wang and Li, 2013), (Wang
and Tsai, 2009)) or nonparametrically ((Gnecco et al., 2024)), (Pasche and Engelke, 2024),
(Velthoen et al., 2023)), (Farkas et al., 2024))). However, this approach requires delicate choices,
such as the selection of thresholds or block sizes. The conditional quantile of order 7T is defined
by Qyix—«(t) = inf{y : Fy|x—(y) > t}, and, when the conditional distribution Fy x_,(-) is
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continuous, this amounts to :
—1
QY|X:x(T) :Fy|X:x(T)a (3.1)

for all x € R? and T € (0, 1). For simplicity of notation, we will denote in the following Qy(7)
to refer to the conditional quantile function Qy|x—(t). Extreme value theory facilitates extrap-
olation into the tail of the distribution and is widely used in the literature to address the second
challenge of quantile regression mentioned above. For a detailed review, see for example (Bey-
erlein, 2014a) and (Chernozhukov et al., 2017). Regarding the first challenge, several models
based on statistical learning methods have been proposed ((Meinshausen and Ridgeway, 2006),
(Athey et al., 2019), (Chaudhuri and Loh, 2002)). More recent works have attempted to ad-
dress both challenges simultaneously, mainly by combining the Peak-Over-Threshold (POT)
approach from extreme value theory with different statistical learning methods. Among these
are models based on gradient boosting (Velthoen et al., 2023), generalized additive models
(Youngman, 2019), neural networks (Pasche and Engelke, 2024}, and models using general-
ized random forests (Gnecco et al., 2024)). The method proposed in this work is an extension of
these approaches within the block maxima (BM) framework, which is preferred in many fields
when modeling extremes, particularly in meteorology (Boudrissa et al., 2017), risk analysis
(Calabrese and Giudici, 2015), and hydrology. More specifically, in order to facilitate extrap-
olation into the tail of the distribution and address the second challenge of quantile regression,
we use the generalized extreme value (GEV) distribution, with parameters depending on the
covariate x, to model block maxima. These parameters are then estimated via weighted like-
lihood, with weights obtained from the generalized random forest (grf) method introduced by
(Athey et al., 2019)). Thus, the distribution Fy|X:x(') in equation is approximated by the
GEV distribution, explicitly defined by :

exp (~(1480 ) ) iy e 2o

exp ( —exp(— ) ) if &(x)=0,

G (& (x) () o)) (2) =

7 —p(x)
o(x)

u € R, 6> 0and§ € R are respectively the location, scale and shapes parameters. We estimate

0(x) = (u(x),0(x),§(x)) by

defined on {z € R: 1 +&(x) > 0} for all x € R with a; = max{0,a}. The parameters

6,(x) € argmax L, (0;x)
0cO
where L, (0;x) is given by
n
L,(0,x) = Zw,-(x)ﬁg(zi)
i=1

dG
with £g(z;) = dlf’g (zi), and wj(x) forall i =1, - - - ,n, representing weights obtained through
1
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the grf method. These weights are used to address the first challenge, namely capturing the
complex structure in the data and facilitating estimation when the dimension p of the covariate
space X is large. Based on this estimation, the conditional quantile is obtained by plugging
the estimated GEV distribution with parameter 6,, (x) into equation 1} , thereby yielding the
conditional quantile estimator. The main objective of this work is to establish the existence and
consistency of the proposed estimator 8,,(x).

The remainder of the paper is organized as follows. Section [3.2]introduces the notation and
provides the necessary background on generalized random forests and block maxima approach
from extreme value theory, which are essential for establishing the consistency result of the
proposed estimator, which will be presented in section [3.3] Finally, the section [3.4]is devoted

to the proof of the consistency theorem.

3.2 Proposed method

We begin by recalling some classical results from extreme value theory and the generalized
random forest method, within the framework of quantile regression, which are essential for

understanding the theoretical results established in this work.

3.2.1 Quantile regression and Generalised random forest

Let (X1,Y1),...,(X;,Y,) be an i.i.d. sample drawn form the joint distribution of (X,Y), where
X; € X C R? denotes a vector of covariates, and Y¥; € 9 C R the reponse variable. In quantile
regression, the objectives is to estimate the conditional quantile of probability level T, € (0, 1),
defined as

Q(tn) = inf{y : Fy|x—x(y) > Ta} (3.2)

where Fy|y_,(.) denotes the conditional distribution function of ¥ given X = x. Another char-

acterisation of the conditional quantile is based on the following optimisation problem :
Q(Tn) = argmin Efp, (¥,q) | X =,
where pz,(.,.) is the asymmetric loss function defined as

(Y —q), Y—g>0
ou (v,q) = 4 " 9 1 (3.3)

A variety of conditional quantile estimators have been proposed based on this formulation, un-
der both parametric and nonparametric assumptions on the quantile function ((Chernozhukov,
2003)), (Chernozhukov et al., 2017), (Buhai, 2005), (Wang et al., 2012), (Wang and Li, 2013)),
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(Fakoor et al., 2023))). Based on this characterization and without parametric assumptions on

the conditional distribution, a natural weighted approximation of Qz(x) is

Q (Tn> = argmqlll Z Wl p’cn (Yh Q)
i=1
where w;(x) is a localized weight function reflecting the influence of the observation i in a

neighborhood of x.

Using the characterization in equation (3.1)), (Meinshausen and Ridgeway, 2006) proposed
a method based on the random forests introduced by (Breiman, 2001) to construct an empiri-
cal estimator of the conditional distribution function : F(y | X = x) = Y., w;(x)1 {¥i<y}- This
estimated distribution function is then plugged into equation (3.I)) to obtain an estimate of the
conditional quantile. The weights w;(x) are obtained via the random forest method, which is
based on conditional mean estimation ; hence w;(x) tends to be large fori € {1, ,n} when-
ever E(Y|X =x) ~ E(Y|X =X;) ((Lin and Jeon, 2006), (Meinshausen and Ridgeway, 2006)).
However, the situation differs when estimating conditional quantiles. As shown by (Athey
et al., 2019) and (Gnecco et al., 2024)), the weight w;(x) may not be large for i € {1,--- ,n},
even if Q:(T) =~ Q, (7). Consequently, the classical random forest method of (Breiman, 2001)
fails to capture the complex structure of the quantile function. The generalized random forest,
introduced by (Athey et al., 2019) for quantile regression problems, overcomes this limitation
and provides a more flexible and targeted estimation of heterogeneous effects, particularly for

conditional quantiles.

The random forest method relies on aggregating the predictions of B decision trees to
produce an estimator that is more stable, robust, and accurate than any single tree considered
in isolation (Breiman, 2001). For an observation x € RP, the prediction M (x) from the »™
tree in the regression context is defined as the average of the responses Y; corresponding to

observations X; that fall in the same terminal region Rj(x) as x :

Y Lixer,(0)Yi
. b=1,....B
Z *[{i: Xi € Rp(x)}

where R(x) C R? denotes the leaf or terminal region containing x in the tree b, and |E| rep-
resents the cardinality of the set E. The final random forest estimator is obtained by averaging

the predictions across all B trees :
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where the similarity weights w;(x) are given by

B 1
{XERb
3.4
Z e R G4

These weights w;(x) reflect the proximity between the observation x and each observation X;,
as induced by the structure of the trees in the forest. The generalized random forest approach
extends the classical method by constructing trees based on a customizable loss function suited
to the learning task. In the case of quantile estimation, the loss function is that given in equa-
tion (3.3)). The grf similarity weights w;(x) retain the same structure as in classical random
forests, with the key difference being the splitting criterion used to partition the data. We em-
ploy this learning method to capture the complex structure of the quantile function and to
facilitate estimation when the dimension of the covariate space is high. The specific properties
of this method, which are essential for studying the consistency of the proposed estimator, will
be recalled in Section[3.31

3.2.2 Extreme quantile regression based on BM approach

The block maxima method is a widely used approach for modeling extreme values across
various fields. In this work, it will be employed to facilitate extrapolation in the tail of the
distribution, thereby allowing the estimation of quantiles at probability levels T, — 1 such
that n(1 — t,,) remains finite as n — +oo. This approach addresses the challenge of estimating
conditional quantiles at extreme probability levels. For a more in-depth understanding of the
extreme value theory (EVT) results presented in this section, we refer to (De Haan and Ferreira,
2006) and (Coles, 2001)). We first recall some classical results in the unconditional case, before
showing how this approach can be combined with the generalized random forest method to
simultaneously tackle the issues identified in quantile regression.

The BM method is based on the limiting theorem describing the asymptotic behavior of the
maximum of a sequence of independent and identically distributed random variables Y1,...,Y,,
with an unknown probability distribution F. This fundamental result originates from the pio-
neering work of (Fisher and Tippett, 1928) and (Gnedenko, 1943)), who established conditions

such that there exist normalization sequences a,, > 0 and b,, € R such that

lim F™(any+bm = Ge(y), forally€R, (3.5)

m—r+oo

where G is a non-degenerate probability distribution defined by

Ge(y) = exp <—(1 —|—§y)71/‘t’) ,  for14+&y>0.

This law is known as the Generalized Extreme Value (GEV) distribution. A distribution func-
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tion F' that satisfies relation (3.5) is said to belong to the maximum domain of attraction of G¢
(De Haan and Ferreira, 2006), which is denoted by F € @(Gg).

To illustrate the block maxima approach, consider a sequence of independent and identi-
cally distributed random variables Y, ..., Yy, following a probability distribution F that be-
longs to the maximum domain of attraction D(Gg,). The BM method consists in partitioning

these data into » disjoint blocks of approximately equal size m > 1, defined as:

Bk,m:{Y(kfl)m%»lﬂ'-'?Ykm}v k= l,...,l’l.

For each block, we consider the maximum statistic: Z; = max;c B Yi- Since the ¥; are i.i.d., the
distribution of the block maximum Z; of size m is given by F”*. According to the classical limit
theorem for maxima, this distribution converges, after normalization, to the GEV distribution
with parameters (a,,, by, Ep). The BM method assumes that the block maxima Zi, . .., Z, follow
a GEV distribution and are independent. The general form of the GEV distribution is given by:

1
exp —<1+§T) , §#0, a6
+ .

exp (—exp (-%’)) £=0,

defined for 1 + &% >0, with y € R, 6 > 0 and § € R. The following section outlines how

G,u,c,é (Z) =

this approach is applied in the context of extreme quantile regression.

3.3 Main results

We combine the BM approach, which facilitates extrapolation in the tail of the distribution,
with the generalized random forest method, which captures complex structures in the data and
improves estimation when the covariate space is high-dimensional. To illustrate the proposed
method, consider a sequence of i.i.d. random vectors (X1,Y}),...,(Xy,Yy) distributed as the
random vector (X,Y), where X € X C R? and Y € 9" C R. We assume that the sample size is
N = n x m, and that we form 7 blocks of size m, so that the k™ block, for k = 1,...,n, is given
by
B = {(X(k—l)m+17Y(k—l)m+l)7 B (Xklekm)}

Let us define
Zim = max{Y; : (X;,Y;) € By} 3.7

and X} ,, denote the covariate X; corresponding to the maximizing Y; in {Y;: (X,,Y;) € Bk,m}.
Thus, (Xi m, Zkm) fork=1,...,n forms the block maxima sample with respect to the response

variable Y. For all x € X, let F,(-) denote the conditional distribution of ¥ given X = x.
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Assumption 3.1 (Conditional max-domain of attraction). For every x € X, the conditional
distribution function Fy(.) belongs to the max-domain of attraction of an extreme value distri-
bution Ggy), that is, Fx € D(Ge,(y)). Equivalently, there exist normalizing functions a,(x) >0
and by, (x) € R such that, for all 7 € R,

lim F!" (am (x)z+ by, (x)) = G (v (2), (3.8)

where
G, (x)(2) = exp (— (1 +§0(x)z)_1/§0(x)) , 14&(x)z > 0.

In the case &(x) = 0, the distribution G,y is understood as the continuous limit of Gg,(z) as
(Zo — 0.

This assumption is the conditional version of the convergence in (3.5) and implies that the

normalized block maxima converge in distribution to Gg(,) as m — +-oo.

Remark 3.1. Suppose F, € Q)(Ge’;o (x)) and denote the corresponding normalization sequences
ap(x) and by, (x). The block maximum Zy ,, given Xy, = x has distribution function F\"(z)
which we shall denote by F,,(z|x) for notational simplicity. In others words, for any m > 1, we

have
Fu(z|x):=F"(z).

Note that Fy(- | Xim) is the true conditional distribution function of Zy ,, given X »,. Under

Assumption 3.1} we have the convergence

lim  Fy(am(x)2+ b (x) | x) = Gy (x)(2), z€R. (3.9)

m—y—+oo

We model the conditional distribution of Z; ,, given X; ,, = x by a generalize extreme values
distribution with parameters (u(x),c(x),&(x)), when m — oo. In the conditional setting, the
parameters u, ¢, and & of the GEV distribution depend on x and are described by the functions
u: X —R o:X— R, and § : X — R. To address the extrapolation problem in the tail, we
approximate the conditional distribution in (3.1]) by this conditional GEV distribution. We then
define the estimator 8, (x) = (A (%), 6, (x), &0 (x)) of the conditional GEV parameters as the
value of 0 that maximizes the local weighted log-likelihood function defined by

n

Z x)lo(zkm), XEX, (3.10)

where /g(z) is equal to :

_1
—log(0) — (1+¢)log (1 +&5F) — (1+855F) & if 1+E&5 >0,

— oo otherwise,

lo(z) =
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when € # 0, and

fo(z) = ~log(0) - (%) —exp (‘?)

when & = 0. The weights wy(x) are obtained using the generalized random forest method
briefly described in Section The weights wy(x) depend on the sample size n, since they
are derived from the generalized random forest built from the entire dataset. The conditional
quantile of probability level T, with T, close to 1, is then obtained by substituting the estimated
GEV distribution into equation (3.1)). It is given, for all x € X, by

f(x (?(x) () 5@ 1) i € £0
LS ((=mn(em) 9 —1) e o .
f(x) —6(x)In(—1In (")) if &(x)=0.

The support of the GEV distribution is given by {z € R: 1 +&<F >0}, if& #0, and
by R if & = 0. This support depends on the parameters of the GEV distribution, which are
unknown in practice. This makes it difficult to establish the usual regularity conditions required
to guarantee the classical asymptotic properties of the maximum likelihood estimator (MLE).
It should be noted that the weighted likelihood defined in equation does not admit a
global solution. Indeed, (Smith, 1985) showed that the MLE does not exist if § < —1, that it is
asymptotically normal when & > —0.5, and that it nevertheless remains consistent for § > —1.
Along the same lines, (Dombry, 2015) proved the existence and consistency of the MLE of
the GEV parameters for all & > —1, under a first-order extreme value condition. Recently,
(Dombry and Ferreira, 2019) provided a formal proof of the asymptotic normality of the GEV
MLE. We say that é(x) is a local weighted maximum likelihood estimator if it maximizes
(3.10) over ®, where ® C R x (0,+o0) x (—1,4-o0). This local estimator is defined by

A

0,(x) € argglag);Ln(G;x), Vx € X. (3.12)
€

In order to establish the consistency of this estimator, we introduce a set of assumptions on the
weights wy(-) that ensure the convergence of 6, (x). Assumptions [3.2|and [3.3 gather the reg-
ularity conditions on the forest weights required in our proof. These assumptions are adapted
from (Gnecco et al., 2024) and (Athey et al., 2019).

Assumption 3.2. Let b= 1,...,B denote a tree in the forest, and let x € X be a fixed predictor
point. Define the diameter of the leaf Ry (x) by

diam(Rp(x)) :=sup{||[y —x|2: y € Rp(x)}.

Let s < n denote the number of observations used to grow the tree. We assume that the diameter
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of the leaf Ry(x) converges in probability to zero, that is, for every € > 0,
P[diam(Rp(x)) > €] -0 ass —> oo.
Assumption 3.3. The weights satisfy Y, wi(x) =1 and, forallk =1,...,n, we have

max wy(x) <
joax k(x) <

S|«

where s denotes the subsample size used in the construction of the trees, with s — o and
s/n — 0 as n — oo. We assume that the forest is honest, following the framework of (Wager
and Athey, 2018) and (Athey et al., 2019). Thus, for each k, the weight wi(x) is independent of

Zy,m conditional on X, = X.

Finally, we introduce assumptions regarding the distribution of the covariate X ,, concomi-
tant to the maximum, as well as the conditional distribution F;,(- | X = x). These conditions
are essential for the proof of Lemma and are analogous to those considered by (Gnecco
et al., 2024) and (Meinshausen and Ridgeway, 2006). Note that X ,, is the covariate associated
with the block maximum, which implies that its distribution might differ from the marginal

distribution of X. We assume in assumption below that it still admits a well-behaved density.

Assumption 3.4. Assume that the predictor space X C RP is compact and that the distribution
of the covariate Xy ,, associated with the maximum admits a density on X that is uniformly
bounded away from zero and infinity in m. Moreover, assume that there exists a constant L > 0
such that F,,(y | X = x) is Lipschitz continuous in x with Lipschitz constant L, that is, for all
x,x €X,

sup|Fu(y | X =x) — Fu(y | X =x')| < L|lx—X|)2.
yeR

We emphasize that the Lipschitz continuity assumption on F, (- | x) holds uniformly in m for
m sufficiently large. Assume also that, for every x € X, the conditional distribution function

Fu(y | X = x) is strictly monotonically increasing in y.

In the BM approach, the block size m must be chosen carefully : if m is too large, the vari-
ance of the estimator increases ; if it is too small, the bias becomes more significant. Therefore,
a bias—variance trade-off must be considered when selecting m. (Dombry, 2015)) proved con-
sistency under the condition % — 400, or equivalently ”lng(") — 0. The presence of the
logarithmic factor implies that, in practice, the number of observations effectively used in the
block maxima approach is of a smaller order than that required by the POT method, which only
requires zﬂv — 0, where n denotes in this setting the number of threshold exceedances ((Zhou,
2009)), (Gnecco et al., 2024)). This condition is crucial for establishing the consistency of the
estimator proposed in this work, which is stated below. Furthermore, we assume that the block

size m depends on the sample size n of the block maxima, that is, m = m(n).
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+oo. Then, there exists a

> —land HETOO log(n)

Theorem 3.1 (Existence and Consistency). Let x € X. Suppose F, € Q)(G&O( )) and assume
mn) _

and

that Assumptlons l to H hold with Eo(x) >
sequence of estimators (fiu(x), 6, (x), & (x )) and an integer N > 1 such that
P [(,&n(x),ﬁn(x) €,(x)) is an local MLE for alln > N| = 1, (3.13)
) Py, B bnl) P G0 Py B
am(x) am(x)

The condition EIE I?g((”)) +o0 comes from the work of (Dombry, 2015)) and is required
n oo
in the proof of Lemma [3.5] The assumption &(x) > —1 is crucial and aligns with the results
of (Dombry, 2015) in the unconditional case, as it ensures the first-order condition. That is, the

maximum likelihood estimator must satisfy
oLn aL oLn
(0. G o). S0 ) = 000)
Indeed, we have
oL, v dlg
60 = Lm0 i)
1
1 14 m—u) e
s (k) ()
O =1 1+E=%
. _l & / kom — M
= s Lmg (Bt
_1
1+8&y) ¢

with .
sel0) = - 1+ ¢ ) ogl1+23) -
According to Proposition 1 of (Dombry, 2015), when & < —1, the function ge 1s strictly in-
creasing on its domain of definition. Consequently, for any x € X, we have
oL
—”(e x) <0 whenever & < —1
ou
It follows that the condition § > —1 is necessary for the existence of a local extremum
Lucien Mahutin VIDAGBANDJI
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3.4 Proofs

The proof of Theorem [3.1] builds on the work of (Dombry, 2015). We first introduce some

notation and recall a few preliminary results that will be used in the proof.

Notation 3.1. Let x € X. We normalize the block maxima as follows
Zkm=—"————, Wwhere Zy , is defined in equation (3.7).
The associated weighted log-likelihood is given by

Z x) lo(Zim), (3.15)

where wi(x), for all x € X, denotes the weight assigned to each Xy, withk =1,...,n, obtained
using the GRF method, whose explicit form is provided in relation ([3.4)). We therefore introduce
O =R x (0,+00) X (—1,+400), where a generic element is denoted by © = (u,,5). The restric-
tion of L, (+;x) to ©, that is, L,(-;x) : ©@ — [—oo, +00), is a continuous function. Hence, for any
compact set K C O, this restriction is bounded and reaches its maximum on K. Denoting this
maximum by 0K (x) = (,un (x), 65 (x),EX (x )> , it is defined for all x € X as follows

06X (x) = argmax L, (8;x). (3.16)
0cK

For x € X, let us denote by P;, the empirical distribution defined as

P —ZWk SZ]( 3

where O represents the Dirac measure at the point x € R. The measure P} is a random prob-
ability measure conditional on (Xy,...,X,), since the weights satisfy Y ;wr(x) = 1. For any
measurable function f : R — [—oo, +o00), we define

P.lf] = Zwk fZim)-

With these notations, the weighted log-likelihood defined in can be written as

L, (6:x) = P, [(e],
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and the associated empirical distribution function is given by
n

Fu(t) = Py((—oo,t]) = Z 1{Zk <y, Jforallt €R.

We now present some essential results that will be used to establish the proof of Theorem[3.1]

Lemma 3.1. Let x € X. The triplet (jiy(x),6,(x),&,(x)) is a weighted maximum likelihood

)
estimator if and only if L, has a local maximum at ( (a) (b’" Zj,n( )) )

)C

Proof. Let x € X. According to Lemma 1 in (Dombry, 2015), we have

z—b
g(,u,c,?i_,) (7) = g(a,u—o—b,ac,é) (Z) + log(a), forall z € R.

el
S
/N
VN
=
>
. 3
|a
o
N—
=
N—
Il
1=

WkX) Ctn o ) (an;—;bm>

am ’am’

~
I
—_

Wi (%) £(y6.8)(Zkm) +10g(am), since Z wi(x) =1

I
M=

k=1 k=1
= L,(0;x) +1og(a;).
It follows that 5
= — c
L((,6,8):) = L (=7, £ 1x) —log(an).
m m

Therefore, the local maxima of L, and L, correspond directly, which proves Lemma ]

Lemma 3.2. Let x € X. Suppose that assumptionstohold and EH—I m(n) = +oo. Then,

sup [F (1) — G, ) (1) = 0.

teR

Proof. Let x € X. Let Fy € D(Gg,(y)), and let a,,(x) and by, (x) be the corresponding normal-
izing sequences. We write Fy,(- | x) for the conditional distribution function of the maximum

Zim given X = x, as introduced in Remark [3.1} For all # € R, we have

|Fa(t) = G (1)| = ZWk )17 <ty = Fnl@mt 4 bim|x) + Fn(an (1)1 + b (x]x) = G2 (¢)

IAn,m( )+ Bum(1)],

IN

with

Z (*)1¢z,,,<ty — Fm(am(x)t +bm(x)|x) and = By (t) = Fp(amt +bm|x) — Gy (2).
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Under Assumption [3.1] and in particular from equation (3.9), we obtain that for every x € X
and m = m(n) — oo,

sup |Bym(t)| — 0.

t€R
It therefore remains to prove that sup,cg |Anm(?)] 2, 0. The proof of this convergence fol-
lows the same strategy as that of Theorem 1 in (Meinshausen and Ridgeway, 2006)), which
establishes the uniform convergence in probability of a weighted conditional empirical distri-
bution function to the true conditional distribution in a non-extreme setting, where the weights
come from the classic random forest method. To this end, define the random variables Uy ,,
k=1,...,n, as the conditional probability integral transforms of the observations Z; ,, (the

non-normalized block maxima) given Xj

Uk,m - Fm (Zk,m | Xk,m)7

where F,(- | Xk ) denotes the true conditional distribution function of Z ,, given X ,,. By
construction, conditionally on Xj ,,,, the variables Uy ,, are i.i.d. uniformly distributed on [0, 1],
and they are independent across k. Now, for a fixed 7 € R, set y = a,,(x)f + by, (x). Then, we

have
{Zk,m < t} = {Zk,m < am(x)l‘ +bm(x)} = {Ukm < Fm(y | Xk,m)}'

Therefore, the weighted empirical distribution function can be written as

B

F) = ) w0l <

T
I

I
M=

Wk (x) 1{Uk,m SFm (y|Xk,m)} :

k=1
Hence,
Apm(2)] = éwk(x) (1{Uk7m§Fm(y‘kam)} ~ Ly Fm(y‘x)}>
T kz; Wk(¥) (v, <Fu(yo) — Fm(y [ %)
<

kZI k() (L0215} — LUm<Fuloio}) ‘

_I_

Fu(y |2) = Y wel¥) 1y, <Fusio)}
k=1
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Taking the supremum over ¢ € R in the second term of the above inequality, we obtain

n

sup |Fyu(y | x) — Z ()L <Fulrl0)} | =
yeR k=1

since Fyy (- | x) is strictly increasing (Assumption [3.4) and maps R onto (0, 1). This term corre-

sponds to the variance-type term studied in (Meinshausen and Ridgeway, 2006). The authors

showed, after applying Bonferroni’s inequality, that this term sup_ g ] ‘z — Yo wk() g, <2
converges to zero in probability provided that,

Zw,%(x)—>0 as n — oo.

This condition is satisfied by the generalized random forest weights wy(x) used in our setting.
Indeed, by Assumption [3.3] we have

maxwk()<i with > — 0 as 1 — .
1<k<n n n
Since Y3, wi(x) = 1, it follows that
) < max — 0, — oo, 3.17
Z i 1Sz K (x) " G-17)

Consequently, for every x € X,

n
2= Y w0y, <3| 0.

k=1

z€[0,1]

We now turn to the first term in the upper bound of |A, ,(¢)|. Recall that the conditional dis-
tribution function F;,(- | x) satisfies the same regularity assumptions imposed in (Meinshausen
and Ridgeway, 2006) on the conditional distribution F (- | X = x). As pointed out by the author,
it therefore suffices to show that

d p
Z <1{Uk m<Fm(y|Xk m)} - 1{Uk7m§Fm(y‘x)}> ‘ - 0’

in order to conclude that

sup |Aym(1)| 20.
teR

This is the convergence that remains to be established. To this end, for each k € {1,...,n} and
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fixed y such that y = a,,(x)t + by, (x), define

Din = LU, <F X )} — WUm<Fn o)} -
Since Uy, k =1,...,n, are uniformly distributed on [0, 1], it follows that
E(Dk,m> = Fm(y | Xk,m) _En(y | )C).

Using (3.17) together with the independence of the Uy ,,, k = 1,...,n, as n — oo, we obtain,
based on a strategy similar to that of (Meinshausen and Ridgeway, 2006),

3 ) (s K= )|

n
Z ( {Uk m<En( |Xk m)} {Uk m<En y|x '

We now control the deterministic term. By the triangle inequality and by Assumption [3.4]

(mainly the Lipschitz property), we have

n
y|ka) Z }F y’ka) (y|x)’
71’[
<L Z |ka_x||2
By Lemma 3.3 we have
n
Z x) || Xiem — x||2 "o
Hence, for every fixed y € R,
ZWk En(y | Xiyn) — Fin(y | x) ‘—>0

Combining the previous results, we conclude that

*.o.

x) (1{Uk,mSFm(y\Xk,m)} - 1{Uk,m§Fm(y\x)}>

Therefore,

P
sup |Apm(t)] — 0.
teR

Finally, combining this result with the convergence of the bias term B,, ,,(f), we obtain that for
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every x € X and m = m(n) — oo,

X P
sup |F (1) — G, (x) (t)] — 0.
teR

O

This lemma [3.2] allows us to conclude, by Lemma 2.2 in (Van Der Vaart, 1998)), that for

any bounded continuous function f : R — R, we have

PaLA) > Gyl i= [ £10)dGeyo®)

Lemma 3.3. Under the assumptions of Lemma it holds that, for every fixed x € X,
o P
Z wk(x) HXk —x||2 — 0.
k=1

The proof of this lemma is given in Appendix [3.A]

Lemma 3.4. Let x € X. Assume that assumptions 3.1|to 3.4\ hold and that lirf m(n) = —+oo.
n——+o0

Then, for all upper semi-continuous function f : [—eo, +o0) — R that is bounded above,

limsup P, [f] < Gg([f] in probability.

n—r+oo

Proof. Let M denote the supremum of f. Define f = M — f, which is lower semicontinuous

and nonnegative. We have

P = Y wi() (M~ F) (Zew)

and

Geyolfl = /R(M—f)(f)ngo(x)(f)

It is therefore sufficient to prove that

liminfPy[f] > Gz ([f]  in probability. (%)

n— oo
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Indeed,

limsup P, [f] < Gg,(y[f] < limsup (M—P}[f]) <M- Gty () [f]

n——+oo n——+oo

& M —liminfP}y[f] <M — Gg ) [f]

n—y+oo

& liminfP[f] > Ggy () [f]-

To establish (x), we use the representations

i) = [ T @)du and Geol) = [ F(Gly)du

0

with FX (u) = inf{t € R | F(t) > u}. By Lemma 3.2] we know that F2(r) —2+ G, (1) for

all # € R. Furthermore, since F;, is nondecreasing and Gg () is continuous, it follows that
Fi(u) — Giy(u), Vue(0,1). (3.18)

Let (u;)j>1 be a dense sequence in the interval (0, 1). Let (ny) be an arbitrary subsequence of
(FX7)n>1. According to the convergence in probability given by the relation (3.18)), we can
extract from this arbitrary subsequence a diagonal sub-subsequence (n,) such that, almost
surely

The functions u — F,jj;_(u) are nondecreasing. By density of the set {«;} and continuity of

. a.s.
Ggo(x), we then obtain that, for almost every u € (0,1), F,- (u) — Ggo(x)(u).

b nk

Since f is lower semicontinuous, we obtain for all u € (0, 1)

liminf f (F)“_( )) > f(Gé_o(x)(u)> a.s.,

{—+oo

and integrating yields

/()1f<G§(x)(”))du < /olgi?off Fx*( ))du as.

< liminf f(F’*(u)) du by Fatou’s lemma,
l—+o0 JO kg

which gives
,

Gyl f] < LiminfPy, ] as.

We have shown that every subsequence () admits a sub-subsequence (ry,) along which
liminf;_e P;‘lkf [f] > Geywl f] almost surely. By Lemma 4.2 in (Kallenberg, 2002)), it then
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follows that
liminfPy[f] > Gz (»[f] in probability.

n—yoo

This completes the proof of the Lemma 3.4 O

The Lemma [3.5]and proposition 3.1} which we will state below, are very useful for proving

the convergence theorem.

Lemma 3.5. Let x € X. We assume that Assumptions 1-4 are satisfied, that &y(x) > —1, and
that lim m(n) = +oo. Let Y = Loy (Zim — bm(x)) /am(x)) and fu(x) = E[Yim | Xim = x).

n—e logn
We further assume that { f,, } is equicontinuous and that there exists a constant C such that, for

allnandallk=1,...,n,

2
E Y| | Xem| <. (H)
Then .
Px 690 = Z Ykm —) G@o( )[690] as n — +oo,.
with 89 = (0,1,&p(x)).
The proof of this lemma is thecnical and is given in appendix

Proposition 3.1. Let x € X and let K C © be a compact neighborhood of 0y (x), with 8y(x) =
(0,1,&0(x)). Under the conditions of Theorem we have:

0% (x) — 0p(x) asn — oo,

where, 0K is defined in (3.16).
Proof. Let x € X. From Lemmas 5 and 6 of (Dombry, 2015), we have the following results:
(i) Forall 6 € ©, we have Gy [lg] < Gy () [, ], with equality if and only if 6 = 6.

(ii) For all B C O, define (5(z) = supg.p lo(z) for all z € R. For all 6 € ©, let B(6,¢€) denote
the open ball in ® centered at 6 with radius € > 0. Then,

hm GE_,() [KB 0. ] GE_,() (x) [69] :

From (i) and (ii), for all 8 € K with 6 £ 6, there exists €9 > 0 such that

G,y () [B(0.20)] < Gy [Coy]- (3.19)

Fix & > 0 and define A= {06 € K : || —6g|| > 8}. A is compact and can be covered by the
open balls {B(0,€9),0 € A}. Let B; = B(8;,€¢,), i = 1,...,p, be a finite subcover (by the
Borel-Lebesgue theorem). Since L, (8;x) = PX[¢g], we have
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supL,(8;x) < sup L,(8;x)
6eA 8cU? | B;
< L,(6;
= o)
< .
< ln<lla<xp{ 32}; kZ wi(x)lo(Zim) } (3.20)
Foreachie€ {1,...,p}and k € {I,...,n}, we have
VO € B;, Ke(ka) < sup /g (ka),
0€B;
so that
n - n
Y wi()lo(Zim) < ) wil(x) sup lo(Zim)
k=1 k=1 BEB;
n
< Y wi(x) 08, (Zem)

Hence, Vi € [|1, p|]

sup Z
0EB; k=1

(3.20) therefore becomes

wi(X)lo(Zkm) < ZWk

T
I

A

EB ka

< n [EBi]

supL,(8;x) < max P [¢B,].
GIN I=i<p

Since the function ¢, is upper semi-continuous and bounded from above, the assumptions of
Lemma [3.4] are satisfied, and it follows that

limsup (supln(e;x)) <

n——+oo \Q€A

IN TN

N

limsup < max P} [/p, ])

n—too \1<i<p

max (lim sup P}, [EBi]>
I<i<p \ n—+4oo

max (Geo(x)la.])
Ge,(x) [, in probability, by equation (3.19).

in probability, by Lemma[3.4]

Moreover, for all § € K, we have L, (8;x) < sup L,(0;x), and in particular L, (8¢;x) < sup L, (8;x),

0eK 0eK
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so that

liminf (supZn(G;x)) > liminf(Zn(Go,x))

> Gey(x)llo,] in probability, by Lemma[3.5]

Since 6% (x) maximizes L, over K, we have

oo n—+o0 \BeA

liminf (L,(0X (x))) > G, (x)[le,] > limsup <supin(6;x)> .

which implies 6X (x) € K\A for large n. That is, ||8X(x) — 0y (x)|| < & for n sufficiently large.

Since § is arbitrary, this shows that

8K (x) 5 09(x), 11— oo,

]

Proof of Theorem[3.1] Let x € X and consider K C ® a compact neighborhood of 6¢(x),
and let 8K (x) = (&K (x),65(x),EX(x)) be defined as in Proposition m It suffices to take
0,(x) = (am(X)EK (X) + b (x), am(x)3K (x), EK (x)) to obtain the results and (3.14) of
Theorem Indeed, with 8, (x) = (f1y(x), 6 (x),&n(x)) considered, we have

(ﬂ"(x) _bm(X)’ Onl) 7én(x)> - <ﬂf(x),6f(x)7éf(X>) =05 ().

am(x) am(x)

By Proposition , 0K (x) P50 (x), which is equivalent to
& {y(x) —b 6
€,(x) > Eo(x), MLO, () o1 asn— o,

and thus (3.14) holds. Moreover, since 8% (x) = arg rélaI?Zn(G;x), L,(8;x) attains a local max-
S

imum at 6% (x) whenever 8% (x) € Int(K) (see proof of Theorem 2 in (Dombry, 2015)). As
8o(x) € Int(K), we have 8X(x) € Int(K) for n sufficiently large. Therefore, L, (8;x) admits
a local maximum at 6X(x) for large n, and by Lemma [3.1} 8, (x) is a maximum likelihood
estimator for n sufficiently large. This proves and completes the proof of Theorem

O

3.5 Conclusion

In this paper, we proposed a method for estimating conditional quantiles at high probability

levels. This approach addresses current challenges in quantile regression, particularly the dif-
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ficulty of estimation when the covariate dimension is high and when the relationship between
the response and explanatory variables is complex and highly non-linear. The performance of
the proposed method has been illustrated through simulation studies and real-data applications
in (Vidagbandji et al., 2025) and (Vidagbandji et al., 2026)), which focused on two penalized
versions of the estimator introduced here. The present work aims to establish the theoretical
proof of existence and convergence of the weighted maximum likelihood estimator, where the
weights are derived from the generalized random forests method introduced by (Athey et al.,

2019), in the context of quantile regression.

Appendix

3.A Proof of lemma 3.3

Under the assumptions of Lemma consider each tree b = 1,...,B. For a fixed x € X, let
Ry (x) denote the leaf of tree b containing x, and let |R,(x)| be the number of observations in
that leaf. The diameter of R, (x) is defined as

diam(Rp(x)) = sup{|ly — x[l2 -y € Rp(x)}.

By construction of the random forest, for x € X, the weights assigned to the observation Xj

can be written as

1 & Lxer, ()}
Wi(x) = — ) ——
X IR0
Therefore,
U 1 & 1
wi () || X — x[[2 = — 1 X5 — x]]2.-
)y B R 2

For each tree b, every point in the leaf R, (x) lies at a distance from x bounded above by the
diameter of the leaf. Hence, for all b € {1,...,B},

1
X, —x||» < diam(Rp(x)).
] I, el < diam(Ry ()

It follows that

Y we ()X ] < 119 Y diam(Rp(x)).
k=1 b=1

Assumption [3.2| ensures that, for each tree b, diam(Rj,(x)) 2> 0 as s — oo, and therefore as

n — oo, Since the number of trees B is fixed, the average diameter also converges to zero in
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probability. Indeed, for any € > 0,

( ZdlamRb > i P(diam(Ry(x)) >¢€) — 0.

Consequently,

n
Z x) || Xk — x||2 N}

3.B Proof of lemma 3.5

The proof of lemma which is somewhat technical, is facilitated by Lemma [3.6| below.

Lemma 3.6. Let x € X. Suppose that the assumptions of Lemma are satisfied and let
Tieon = Yiom — EYim | Xicm). Then

i Tkm_>0

Proof. Let T,, = Y} wi(x)Ti . By the property of conditional expectation, we have

EIT2 | Xem] = E [ Y20+ [E i | Xe) 2 = 2B (Ven | Xiom) X

El

r h 2
— E[¥2.[Xim +E[[E(Yk7m yxk,m)]z‘ka} —2[E(Yk7m‘xk7m)}

- 1 2
< E Y20 [Xim| ~ E [Yim|Xen]
S E _Yk%m Xk7m_
< C by assumptionH|
Therefore, since the (T ;n, Xk ) are independent for k = 1,--- ,n, we have
E[T;] < [Z WEOE(TE | Xim) | +2E | Y wit)wj(OE(TmTm | 6(Xin, Xjm))
i<j
- -
< CE Y wi@) | +2E | Y. wilx)w;()E(Tim | Xim)E(Tjm | Xjm)
| k= ] i<j
= :
< CE Z wi(x)| since E(Tjm|Xjm)=0.
k=1 ]

Since Y7_, wi(x)? < maxgwi(x) < s/n, it follows that

E[2] < C> — 0.
n
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2
Therefore, T, L5 0and consequently 75, 2o

Proof. (Proof of lemma [3.5) We have:

n

Z %)Y m — Gey (x)[loy) = Z ) (Yen = Eim | Xim]) + Y wie () (E[Yim | Xim] — Gy () [loo))
i=1 i=1

(. [

J/

-~ -~

T, Va

By Lemma we have T, P, 0. It remains to show the convergence in probability of V, to 0.
To this end, we use the local uniform convergence of f,(x) = E[Yj | Xkm = x| toward the
continuous function ¢(x) := G, () [Ce, -

First, we establish the pointwise convergence of f,,(-) to ¢(-). For each fixed x € X, As-
sumption [3.1|ensures that the conditional distribution of (Z ,,, — by (x))/am(x) given Xy ,, = x
converges to Gg(,). By the continuous mapping theorem, we obtain the convergence in dis-
tribution of ¥} ,, given Xj ,, = x' toward lg,(Z), where Z ~ Gg,(x)- Moreover, Hypothesis

provides a uniform L? bound, hence the sequence is uniformly integrable. Consequently,
fn(x) == EYim | Xim = x] — 0(x), VxeX. (3.21)

We now prove uniform convergence in a neighborhood of x. The limit function ¢ is continuous
on the compact set X. Let € > 0. By continuity of ¢ at x, there exists 8; > 0 such that for all x’
with ||x" —x|| < &1,

00) —0()] < 5. (3:22)

On the other hand, the pointwise convergence (3.21]) together with the equicontinuity of {f,, }

implies uniform convergence on every compact set. In particular, on the closed ball, we have

sup | fn(®) —0(X)| — 0 asm— oo.
[l —x[|2<8,

Thus, there exists N such that for all n > N; (and hence m = m(n) sufficiently large),

sup | fn(¥) — 0(¥)] < g (3.23)

[l —x[|<8

Combining (3.22) and (3.23), for all n > N; and all x’ such that ||x’ — x||> < 8;, we obtain

[fn () = ()] < [fin () = 0() [ +]0(x') — 0(x)] <.

Setting & = 9, we obtain the following property: for every € > 0, there exist d > 0 and N such
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that for all n > N and all X’ satisfying ||x' —x|| < §,

() —0(x)| <,

that is,

’E[Ykm | X =] — Gy llo,)| < & (3.24)

Define A, = {k : ||Xxn —x||2 > 8}. We have the following decomposition

Val < ) Wk(x)’E[Yk,m | Xien] — Gy ([0 | + ) Wk(x)‘E[Yk,m | Xim] — Gey(x)[Loo] |-
KA keA,

The first term is bounded by €. Indeed,

Z wk(x)‘E[Yk’m | Xim] — Gy [loo] | < € Z wi(x) by equation (3.24)
kA, k¢An

<e

—

since Y x¢a, Wk (x) < 1. For the second term, we use the following uniform bound provided by

the Cauchy—Schwarz inequality and Hypothesis [H}

ElYin [ X | < \JEI2,, | Xl

<.

Similarly, the function x — |Gg(,)[ls,]| is bounded on the compact set .X. Hence, there exists
a constant M such that

[El¥eam | Xiom] — Gy foo]| < M.

Therefore,

ZWwFMM&M—%M%JSMZWM)
keA, k€A,

Consequently,

Vul <e+M Z wi(x).
keA,

Moreover, for every k € A,, we have

hence
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Thus,
P(|Vul > 2¢) <P (e <MY Wk<X>)
keA,
M n
<Ple<—< Y wil)||Xem —xl2
5 k=1
— 0,
since

& P
3wk ()X —x]2 = 0
k=1

by Lemma[3.3] We conclude that
V, — 0.

In summary,

n
Y wi(x)Yem — Gy [loy] = T+ Vi,
k=1
. P =]
with V,, — 0 and 7,, — 0. Therefore,

X P
Prlloo] — Ge,(x)[lo,]-
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Introduction

4.1 Introduction

Extreme events, such as floods, earthquakes, rogue waves, or financial crises, are rare but po-
tentially devastating. Studying them helps assess associated risks. Extreme quantile regression
models the relationship between covariates and the high-level quantiles of a response variable,
capturing the factors influencing rare, tail-end outcomes. Specifically, in the univariate con-
text, if Y € 9 C R represents a random variable describing a risk factor dependent on a set
of covariates represented by the random vector X € X C RP, the objective is to estimate the

extreme conditional quantile defined by:

Q(t) =inf{y: Fyjx_(y) > 1}, x € X, 4.1)

with T close to 1 and Fy |y, being the conditional distribution of Y|X = x. Observations in the
tails of a distribution are inherently rare, which poses a significant challenge when estimat-
ing the quantity (4.I). This difficulty stems from the limited data available in these extreme
regions. Yet, rare events often play a crucial role in fields such as risk management, strategic
planning, and decision-making. In extreme quantile regression, developing robust and accu-
rate methods to handle these infrequent observations is essential to improve the reliability of
models and predictions where extreme outcomes are critical. For instance, in risk analysis or
hydrology, it is important when estimating unobserved water levels ((Gumbel, 1963)), (Hu and
Franzke, 2020)).

Let n denote the sample size available for analysis and T = 1, (dependent on the sample
size) the level of the quantile we seek to estimate. Classical quantile estimation methods work
well when n(1 —1,) — o as 1, — 1 (for n — +o0). In this case, the quantile we seek to
estimate is within the sample, and there is also a large amount of data in the region of the
quantile to be estimated. However, the situation differs when n(1 —1,) € [0,4o] as T, — 1
(when n — +o0). In this latter case, estimation involves extrapolating beyond the data range or
into the distribution’s tail, and T, is referred to as an extreme quantile level. In other words, the
sought quantile lies outside the range of the available sample, making estimation more complex
and requiring specific approaches to handle these borderline situation. Asymptotic results from
extreme value theory (De Haan and Ferreira, 2006) allow extrapolation beyond observed data.
Leveraging this, (Chernozhukov, 20035)) introduced an extreme quantile regression method for
linear relationships between Y and X € R”. Subsequent models have been proposed by (Yu
and Moyeed, 2001), (Koenker and Hallock, 2001), (Daouia et al., 2013), (Takeuchi et al.,
2006)), (Laksaci and Maref, 2009)), (Gardes and Stupfler, 2015), (Gardes and Stupfler, 2019),
and (El Methni and Stupfler, 2017).

The second difficulty faced by classical extreme quantile regression methods arises when

the dimension of the predictor space X is large (i.e., p is large) and the relationship between

ULHN ©2026 76 Lucien Mahutin VIDAGBANDJI



Introduction

the characteristic variables and the response variable is complex. In high dimensions, a simple
quantile regression model may introduce additional bias (Gnecco et al., 2024). Recent litera-
ture has seen the development of machine learning approaches to address this challenge. First,
we can cite the work of (Meinshausen and Ridgeway, 2006), who proposed a method based
on the random forest method of (Breiman, 2001). (Athey et al., 2019) proposed a quantile
regression model based on the generalized random forest method. Their methods encounter
difficulties mainly when the quantile of interest is extreme (as shown by the simulation studies
in section 4.4). Quantile regression methods that combine extreme value theory and machine
learning have emerged very recently and are competitive with existing methods when the quan-
tile of interest is extreme and when the predictor space is high-dimensional. To our knowledge,
the first model proposed in this sense is that of (Farkas et al., 2024), based on regression trees
and the Peaks Over Threshold (POT) approach of extreme value theory. Next, we can men-
tion the method of (Velthoen et al., 2023)), which models the distribution of equation using
the conditional generalized Pareto distribution and the gradient boosting method. (Pasche and
Engelke, 2024) propose a method that still combines extreme value theory to approximate
the conditional distribution of equation {.1] and neural networks to estimate the parameters of
this distribution. (Gnecco et al., 2024) propose a method combining the POT approach and
generalized random forests.

Previous work has mainly relied on the Peaks Over Threshold (POT) approach to address
challenges in estimating extremes. While widely recognized for its effectiveness, POT has
notable limitations, particularly when the available data consist solely of block maxima ag-
gregated over fixed periods, such as annual maxima from long historical records or large-
scale simulations. In such cases, the block maxima (BM) approach provides a more suitable
alternative. The BM method is extensively used in environmental sciences, where the Gen-
eralized Extreme Value (GEV) distribution effectively models phenomena such as annual or
monthly maximum temperatures and extreme river discharges. As highlighted by (Ferreira
and De Haan, 2015), the BM approach offers several practical advantages: it is particularly
appropriate when only periodic maxima are available, allows for temporal dependence within
blocks (e.g., seasonality or short-term correlations), and is often simpler to implement since

block periods naturally align with existing temporal structures, such as years or seasons.

In this study, applying the block maxima approach, we approximate the conditional distri-
bution Y |X = x of block maxima by a generalized extreme value distribution, whose parameters
are functions of the features x € X. These parameters are estimated by a weighted maximum
likelihood method, with weights obtained using the generalized random forest method de-
veloped by (Athey et al., 2019). Section [@.2] provides a reviews of quantile regression, the
BM approach to extreme value theory and the generalized random forest method. Section 4.3
presents our proposed model in detail. Section {.4] examines the results obtained when apply-

ing our extreme quantile regression method to simulated data under several scenarios. Finally,
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section 4.5 presents an application to daily weather data from the Fort Collins station in Col-
orado (USA).

4.2 Framework and Related Work

4.2.1 Generalized extreme value distribution

In this section, we will present the approach of extreme value theory that we will use to ad-
dress the first quantile regression challenge mentioned in the introduction: the block maxima
approach. This method is based on the results of (Fisher and Tippett, 1928)) and (Gnedenko,
1943), which provide the possible asymptotic distributions of the maximum of a sequence of
random variables X1, - - - , X, drawn independently and identically distributed from a variable X
with probability distribution F'. These authors showed that there exist normalization constants
a,, > 0 and b, € R such that:

lim F"(amx+bp) = Ge(x), x € Rand § €R, 4.2)

m—r+oo

where G is a non-degenerate probability distribution defined by:

Gz (x) = exp (—(1 —|—§x)_%) with 1 4+&x > 0,

which is called the extreme value distribution. Any function F that satisfies equation (4.2) is
said to belong to the max-domain of attraction of the extreme value distribution Gg and is
denoted as F € D(Gg). For further details on the latter, see Chapter or the pioneering work
of (De Haan and Ferreira, 2006). Considering Y1,---,¥y as a sequence of independent and
identically distributed random variables according to the random variable Y with distribution
function F, the block maxima method involves dividing the data into n blocks of equal size

m > 1 (or nearly equal), denoted as
Bk7m = {Y(k—l)m+17' .. ,Ykm}a Wlth k et 1, EEIN (3

For any m > 1, the distribution of Z; = maxg,,, (¥;) is F™ and satisfies with a certain
normalization constant a,, > 0 and b,, € R. Therefore, its distribution is given by the gener-
alized extreme value distribution with parameters (a,;, by, o). The BM method assumes that
these block maxima, denoted Z;, exactly follow the GEV distribution, and that the sequence of
random variables Z,--- ,Z, thus formed is also independent and identically distributed. The
specificity of this method lies in the choice of the optimal block size. Increasing the block
size m leads to an increase in the variance of the estimation, while decreasing the block size

introduces a bias. Therefore, it is essential to find a trade-off between bias and variance when
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defining the blocks to ensure accurate estimation. The BM method is commonly presented,
discussed, and employed in the literature for modeling extremes. Among the reference works,
one can refer to (Coles, 2001) and (De Haan and Ferreira, 2006). The general form of the
Generalized Extreme Value distribution, first introduced by (Jenkinson, 1955), is expressed

through the function G, ; ¢(.) given in the following equation

ol (52) ). oo
(z) = ° /+ vz ER, (4.3)

Guoglz B
exp (—exp (—%)) , £E=0,

where u € R, 6 > 0 and § € R. Depending on the sign of &, three domains of attraction are
distinguished: the Fréchet domain of attraction if & > 0, the Gumbel domain of attraction
if £ =0, and the Weibull domain of attraction if & < 0. The T — th extreme quantile of the

Generalized Extreme Value distribution is obtained using equation (#.T)) and is given by

(o} _ .
o y+g(<—ln<r>> S-1) ifg 0,
u—oln(—In(7)) if & =0,

where T close to 1, u € R, 6 > 0, and § € R. Estimating the quantile of the GEV distribution
therefore requires the estimation of the parameters u, 6 and &. Among the various methods
available, the maximum likelihood method is the most commonly used and is the focus of this
study. The theoretical validity of this method for GEV parameter estimation has been demon-
strated by (Dombry, 2015), (Dombry and Ferreira, 2019) and (Biicher and Segers, 2017). De-
noting the parameter vector of GEV as 6 = (u,6,&) , the negative log-likelihood of the GEV

distribution for the sample z,-- - ,z, is given by
1 n
L(G;Zl,"‘ 7Z7’l) - ZZEG(Zi)a (44)
where /g is defined by

_1 o
log(0) + (1+ {)log (1+8%54) + (1 +£35%) ¢ if 145354 >0

400 otherwise,

lo(zi) =

when & # 0, and

lo(z;) = log(o) + (Z";“) +exp (_z,-(—su),
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when & = 0. The maximum likelihood estimator  satisfies
6 car minL(0;z1,---,21),
&oco (821, 20)

where ® C Rx]0, +oo[xR.

4.2.2 Relevance of GRF Similarity Weights in the GEV Approach

In this section, we introduce the machine learning method we will be using to address the sec-
ond problem, which aims to handle the high-dimensional space X of predictors and capture the
complex relationship between the response variable and the features. The generalized random
forests (Athey et al., 2019) is a generalization of the classical random forest method proposed
by (Breiman, 2001). It retains the attractive features of classical random forests but allows cus-
tomization of the loss function used for tree construction. Random forest is a learning method
used for both classification and regression tasks. It belongs to the family of ensemble learning
methods and provides a non-parametric estimation of the conditional mean. It involves aggre-
gating B trees trained in parallel on bootstrap samples from the original training set, similar
to the bagging method introduced by (Breiman, 1996). A key difference with bagging lies
in how feature variables are used to split nodes in each tree. Instead of using all features at
every node split, a random subset of features is selected. This random selection introduces
additional variability between the trees, promoting diversity and improving the model’s gen-
eralization (Breiman, 2001). Each tree provides an estimate of the conditional mean, which
is obtained as the function minimizing the mean squared error. Further details can be found
in Chapter [2| and in the foundational article (Athey et al., 2019). If (X;,Y;) € X x 9 where
X C RP and 9 C R, random forests are used to estimate u(x) = E(Y;|X; = x), for x € X. Let
N»(x) denote the predicted value by the b tree for data x € X. In the case of regression, this
prediction is given by

1
Z XiCRy ) Yi7 bzl?"'vB7
1 {i: X ERb( )}

where Rp,(x) C X denotes the region containing x in tree b, and |E| denotes the cardinal of E.
The random forest gives as its prediction the average of the predictions of the B trees, thus it

predicts the value 1(x) given below for data x

B
nx) = EZ’
- L
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with 5
! Lixiery ()
wy(x,X;) = — — . 4.5)
( ) Bbg’lHl:XiERb(x)H
The wy(x,X;), fori = 1,---  n, represent the similarity weights assigned by the random forest

for each observation X; given x € X. We have also

n B 1
{Xi€Ry(x)}
wa(x,Xi) = + j
1 (x, X;) B;;H;:Xl‘ERb(X)}’
1

-

1

While the similarity weights w,(x,X;) assigned by the generalized random forests (GRF) are
computed using the same formula as in the classical forest, the key difference lies in the loss
functions employed during tree construction. In classical random forests, a high weight is typi-
cally assigned to an observation X; when E(Y |X = X;) ~ E(Y|X = x) (Meinshausen and Ridge-
way, 2006). However, as shown by Figure 2 in (Athey et al., 2019) and Figure 1 in (Gnecco
et al., 2024), these weights can still be large even when Q (Y |X = X;) % Q(Y|X = x), indicat-
ing that classical forests often fail to capture heterogeneity in the conditional quantile function.
This limitation is addressed in GRF by incorporating the quantile loss into the tree construction
process, enabling the method to target conditional quantiles directly. This approach has been
successfully applied for both moderate and extreme quantile modeling by (Athey et al., 2019)
and (Gnecco et al., 2024), respectively. Forests-based methods have the advantage of requiring
few tuning parameters to provide effective predictions. This characteristic makes generalized
random forests a natural choice for constructing similarity weights, especially as they cap-
ture the heterogeneity of conditional quantiles, a central aspect in our study. Unlike classical
approaches such as kernel or nearest-neighbor methods, which are often limited when faced
with non-linear structures or high-dimensional data, GRF exploit tree structure to accurately
model local variability. They thus produce similarity weights that are both more robust and
better suited to estimating extreme quantiles. What’s more, compared with techniques such
as gradient boosting or neural networks, GRF combine simplicity of use with sound theoreti-
cal foundations (Athey et al., 2019). They also offer better high-dimensional adaptability than
generalized additive models (Koenker, 2011). Furthermore, the BM approach is better suited
to random forests, as it generates i.i.d. observations from fixed block maxima, in line with the
assumptions underlying random forests. Conversely, the POT method produces potentially cor-
related excesses, requiring additional adjustments, and relies on an often empirical threshold,
which can weaken learning. This combination of robustness and flexibility makes GRF-based
weights particularly well-suited to our framework. For clarity, we denote w;(x) = wy(x,X;) for
alxe Xandi=1,...,n.
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4.3 GEV Extremal Random Forest

In this section, we present our method of extreme quantile regression that addresses the issues
outlined in the introduction. To address the first issue, we model the tail of the conditional
distribution F(.|X = x) from equation (4.1)) using the generalized extreme value distribution,
as described in section [4.2.1] To tackle the second issue, we employ the generalized random
forest method to determine the weights wy, (x, X;), which will be used to estimate the parameters
of the GEV distribution. These parameters are estimated using weighted maximum likelihood
estimators, following the approach proposed by (Gnecco et al., 2024)) within the peaks-over-
threshold framework. To proceed, let’s consider an independent and identically distributed
sample (X1,Y1),...,(Xy,Yy) from the random vector (X,Y) € X x 9. Assume N = n X m and

divide the sample into n blocks of size m, such that the k' block for k = 1,...,n is given by

Biem = { (X k= 1ym+1: Y= 1yms1)5 -+ s Xiem Yiom) }-

Noting Zj ,, = max{Y; : (X;,Y;) € By} and Xi,, the X; corresponding to the Y; maximiz-
ing {Y; : (X;,Yi) € B} Thus, for all m > 1, {(Xkm,Zkm)}k=1,..n represents the sample
of block maxima relative to the variable Y. For any x € X, we assume that the distribution
Fy of Zi m|Xi,m = x follows a Generalized Extreme Value distribution with parameter de-
pending to the covariate x. More precisely, u(-) : X — R is the location parameter function,
6(-) : X — R is the scale parameter function and (-) : X — R is the shape parameter func-
tion. The conditional GEV distribution is obtained by substituting 8 = (u,0,§) in with
0(x) = (u(x),0(x),&(x)) for all x € X. The t-th extreme quantile of the conditional GEV is
obtained using equation (4.1)) and is given for all x € X by
oy 0+ g (@9 21) e o
u(x) —o(x)In(—In(t")) if §(x) =0.

(4.6)

Estimating this conditional quantile involves estimating the parameters u(x), o(x), and &(x)
for all x € X. Our proposed method here consists of estimating these parameters and then
substituting them into equation (4.6) to obtain the estimation of Q.(t). For this purpose, we
propose a weighted form of the maximum likelihood estimator given in (4.4). As proposed
by (Gnecco et al., 2024) for the POT approach, we estimate 6(x) by 8(x) = ((x),6(x),&(x)),
which is a weighted maximum likelihood estimator, i.e., it minimizes L,(0;x) defined by

S

L,(0;x) = Y wi(x)fg(z;) for all x € X, 4.7)
=1

1
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with £g(z;) defined in section4.2.1] To capture the heterogeneity of the quantile function and
improve estimation in a high-dimensional feature space, we obtain the weights w;(x) for i =

1,...,n using the generalized random forests method, as described in section 4.2.2

It should be noted that the support of the GEV distribution depends on the extreme value
index &, which is unknown (see (Dombry, 2015)). The usual regularity conditions ensuring
good asymptotic properties of the maximum likelihood estimator (MLE) are not satisfied. This
problem is first studied by (Smith, 1985), who shows that there is no maximum likelihood
estimator if § < —1, that asymptotic normality holds if § > —0.5, and consistency holds if
€ > —1. (Dombry, 2015) demonstrated the existence and consistency of this estimator for the
GEV distribution parameters when & > —1. The asymptotic normality of the MLE for the
block maxima approach was proven by (Dombry and Ferreira, 2019). In general, L, (8;x) does
not admit a global minimum, and we refer to the work of (Dombry, 2015) to state that 8(x) is
a weighted maximum likelihood estimator if 6(x) is a local minimum. Thus, we define 8(x)
to be the vector that minimizes L,(0;x) over a large compact set ® C Rx]0, 4-o0[ x| — 1, 4o0].

The weighted maximum likelihood estimator is given by

A

0(x) € argminL,(0;x). (4.8)
6cO

We take the intermediate order Ty = 0.8 as considered in the works of (Gnecco et al., 2024)

and (Velthoen et al., 2023)). Thus, we estimate the conditional quantile of order T > T¢ by:

100 + 29 (Cinem) €9 1) i &) £0
IR LULS v (LR oo o
f(x) —6(x)In(—In (")) if &(x)=0.

where fi(x), 6(x) and &(x) are the estimated parameters obtained using the weighted maximum
likelihood method. The algorithm [2| details our method for predicting the extreme conditional
quantiles, which we have named GEV-erf. This method combines the use of the generalized
extreme value distribution with generalized random forests to estimate extreme conditional

quantiles precisely and efficiently.

Among the parameters of the GEV distribution, the shape parameter & is of particular im-
portance, as it provides information on the shape of the tail of the distribution. A distribution
is considered to have a heavy tail when & > 0, a light tail when & = 0, and a finite endpoint
distribution (i.e. xr = {y € R,F(y) < 1} finite) when & < 0. Because of its importance, this
parameter has received considerable attention in the literature. Many methods have been pro-
posed for estimating &, the most notable examples being Hill’s estimator, which focuses on
the most important data points for estimating tail behavior, and Pickands’ estimator. In line
with the proposals of (Gnecco et al., 2024) for maximum likelihood in the context of the POT
approach, and (Biicher et al., 2021) for the maximum likelihood of the GEV, we penalize the

ULHN ©2026 83 Lucien Mahutin VIDAGBANDJI



Simulation Study

negative log-likelihood in the following form
n
L”enex Z 69 Zz —|—7u(&, &,()) .

The parameter & used here corresponds to the shape parameter derived from the unconditional
GEV distribution, which means it is obtained by setting w;(x) = 1 for all indices i € {1,--- ,n}
in equation (4.7). The penalty parameter A is determined by the cross-validation method, thus
regularizing the negative log-likelihood in the estimation process. The resulting estimator,
6 pen (x), is the weighted and penalized maximum likelihood estimator, which adjusts the GEV
parameters by considering both the data and the model complexity, thereby ensuring better

generalization. It is defined as :

0pen(x) € arggréigLﬁe”(e,x).

The algorithm to obtain the conditional quantile using 6 pen(X) is similar to the algorithm
with the difference that the log-likelihood L,(8,x) is replaced by the penalized likelihood
Ly"(0,x). In the simulation study described in section 4.4, we provide a detailed explanation
of the validation method used to determine the parameter A. This method includes a series of
tests and analyses to ensure the accuracy and reliability of the estimates. Specifically, we dis-
cuss the different steps of the validation process, the criteria used to evaluate the performance
of the method, and the adjustments made to optimize the estimation of the parameter A. The

algorithm detailed below outlines our proposed method.

Algorithm

The algorithm for our extreme quantile regression method, denoted GEV-erf, consists of two
sub-algorithms: GEV-erf-fit and GEV-erf-predict. The first sub-algorithm, GEV-erf-fit, is used
for training the generalized random forest to obtain the weights w;(x) and to obtain the sample
formed by the block maxima. The second sub-algorithm, GEV-erf-predict, is used to make
predictions of the GEV distribution parameters and hence extreme conditional quantiles. It is

presented as follows :

4.4 Simulation Study

In this section, we present a simulation study to demonstrate the effectiveness of our proposed
extreme quantile regression method. We generate an independent and identically distributed
sample of size N = 90,000 from the random variable X, following a uniform distribution over

[—1,1]7. We assume that the conditional distribution of Y|X = x is of the form y(x)T,,(,), where
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Algorithm 1 GEV-erf

Let Dy = {(X;,Y;) }i=1..v denote the original sample, 2, = {(X;,Z;) }i=1.... denote the sample
of block maxima, where m is the block size, and o is the vector containing hyperparameters
associated with the generalized random forest.

1 GEV-erf-fit

2: Input:(Dy, m, o)

3. D', + makeBloc(Dy,m)

4: wi(.) < GRF(D'p,0)

5. Output: GEV-erf < (D', w;(.),m)
1: GEV-erf-predict

2: Input:(GEV-erf, x, 1)

3: O(x) < argminL,(8;x)
6cO

4: Ox(t) < GEV(8(x))
5: Output: O,(1)

» The function makeBloc divides the initial sample into blocks of a given size m and returns
the sample of block maxima.

» The GRF function is used to adjust the weights using the generalized random forests
method proposed by (Athey et al., 2019).

T}, denotes the Student’s distribution with k degrees of freedom. We conduct various experi-
ments by varying the values of y(x) and v(x). The choice of block size is a key challenge in
the BM approach, especially since, as shown in Appendix i.C| the GEV-erf model is sensitive
to this parameter. We therefore select a fixed block size of m = 40 for all scenarios, as our
analysis indicates that model performance remains stable for block sizes ranging from 25 to

50. For more details on sensitivity analysis, see Appendix 4.C|

In our first simulation study (scenario 1), we set the dimension of the feature space to
p = 40, and evaluate the performance of our method. We then compare its ability to address
the first concern stated in the introduction with other methods based on statistical learning
approaches. The N data points are used for the training process, while the evaluation of the
method is conducted on an independent sample from the training set, {(x;, y,-)};?/zl , where x; €
X for i =1,...,n" is generated using the Halton sequence method by (Halton, 1964) with
n’ = 8000. In the second simulation study (scenario 2), we demonstrate our method’s capability

to handle the second concern, namely complex dependence on covariates. For this, we conduct
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simulations with functions y(.) and v(.) chosen to introduce complex dependence with the
covariates. In the last simulation study of this section (scenario 3), we show the effectiveness
of our method in addressing both concerns simultaneously.

We proceed with comparing the performance of our method with two other random forest-
based approaches: Quantile Regression Forests (QRF) by (Meinshausen and Ridgeway, 2006)
and Generalized Random Forests (GRF) by (Athey et al., 2019)). To assess these performances,
we first employ the Mean Integrated Squared Error (MISE), which is computed as the average
of m’ Integrated Squared Error (ISE) values for the estimated conditional quantile, derived
from repeating the training and testing process m’ times. This metric aligns with the approach
used by (Gnecco et al., 2024) in his work. Additionally, we evaluate performance using two
other metrics: the Mean Absolute Error (MAE) and the Median Absolute Error (MedAE). The
ISE on the test sample {(x;, y,-)}?,:1 is defined as follows:

1
ISE = - Y (0n(7) — 0x(1)), (4.10)

i=1

where x — Q,(7) is the true quantile function, x € X and t > 0.8.

4.4.1 Simulations scenarios

We demonstrate the capability of our proposed method across three scenarios:

> Scenario 1: We take
Y(x) = 1+1, 50y and v(x) =4 — (x% — 2x% +x%).

The goal is to assess our method’s ability to estimate extreme conditional quantiles in
the presence of noise and when p is high.
> Scenario 2: We take

1
1 +exp (x3 4 x2)

v(x) =2+ and v(x) = 4 — (x] — 2x5 4 x3).

The objective is to evaluate our method’s capability to predict extreme conditional quan-
tiles under complex forms of the quantile function. We set the feature size to p = 40,
where only the first three components contribute to the quantile function formation, and

the others are noise.

> Scenario 3: We consider

7
1+exp(4x;+1.2)

v(x) = 14 219(2x1,2x;) and v(x) =3+
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In this study, @ represents the density of the centered bivariate normal distribution with
unit variance and a correlation coefficient of 0.75. The parameters chosen here are the
same as those used in experiment 3 of the simulation conducted by (Gnecco et al., 2024).
The aim of this scenario is to evaluate our method’s ability to accurately estimate the
conditional quantile in situations where the quantile function is complex, the dimension

of feature variables is high, and noise is present.

4.4.2 Parameters tuning choice

We obtain the penalty parameter A and the parameters for generalized random forest (specifi-
cally min.node.size and num.trees) using cross-validation. Instead of using the classic form (as
explained in Section 7.10 of (Hastie, 2017)), we follow the approach used by (Gnecco et al.,
2024)), using GEV deviance as the metric. More clearly, if we consider that the training sample
we have is D, = {(xi,2;) }i=1,... n, and we wish to perform a K-cross validation, the method
involves partitioning the sample into K folds of approximately equal size, denoted as D/ for
j=1,--- K. For each tuning parameter 0, - - - , 0is, the model is trained on 9, \ 2’ using the
GEV-erf-fit algorithm, and then parameters é(x) are estimated on D/ foreach j=1,--- K. The
performance metric, here the negative log-likelihood of GEV, is calculated for each fold, and
the average error across the K folds provides an overall estimate of model performance. The o
achieving the best performance is selected, corresponding to minimizing the cross-validation

error (CV-error) across s,

1 K
V=g L Lowe @) @10
J=1(x;,z:)€D/

where ¢ (B(x),0;) TEPTESENLS the negative log-likelihood defined in equation (4.4)) and the o for
all s € {1,---,S} designate the tuning parameters from which we seek to select the optimal
choice. The selection of the parameters A and min.node.size for the different scenarios is de-
tailed in section of the appendix. Our model is called GEV-erf, but we use the abbreviation

gev to represent it in the various plots and tables showcasing the model performances.

4.4.3 Performance of GEV-erf with Scenario 1

In Scenario 1, we rigorously evaluated the performance of our method by comparing it with
Quantile Regression Forest (QRF) proposed by (Meinshausen and Ridgeway, 2006) and Gen-
eralized Random Forest (GRF) by (Athey et al., 2019)). For this comparative analysis, we fixed
the number of predictors to p = 40 and plotted log(MISE) against the quantile level T. The
MISE was computed from m’ = 50 repetitions of the ISE (defined in ), ensuring robust
and statistically significant evaluation. Figure .| clearly illustrates that our model is compet-
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itive compared to QRF and GRF models, especially for moderate quantile orders. This figure
also highlights that our method provides better estimation of conditional quantiles, particularly
as the quantile level is closed to 1.

p =40

Model
- GEV

log_MISE

= GRF
QRF

0.80 0.85 0.90 0.95 1.00
Figure 4.1: Logarithm of MISE for different methods as a function of 7.

Furthermore, our method demonstrates increased stability and reduced variance in quantile
predictions, thanks to our innovative approach of local weighting. These results suggest that
our model not only competes with existing methods but also outperforms them in scenarios
where precise estimates of extreme quantiles are crucial. This is particularly relevant in appli-

cations requiring accurate risk management and decision-making based on reliable predictions

of rare events.

4.4.4 Performance of GEV-erf with Scenario 2

In the figure 4.2} we evaluate the performance of our model for scenario 2. To do this, we
present box plots of log(ISE) for different quantile orders T € {0.99,0.995,0.999,0.9995},
with p fixed at 40. The functions y(.) and v(.) are chosen to make the conditional quantile
function complex. The boxplots in this figure demonstrate that our model outperforms the
QRF model and the GRF model for various quantile orders. This indicates the ability of our
model to make accurate predictions even when the quantile function is complex. This scenario
showcases our method’s ability to effectively predict the conditional quantile of the dependent
variable, outperforming the GRF and QRF methods even in the presence of noise and when
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Figure 4.2: Boxplot of log(ISE) over 100 replication, for p = 40 and t =
(0.99,0.995,0.999,0.9995) in Scenario 2.

Q(x) is complex. This confirms that our method addresses the previously outlined challenges,
providing accurate predictions under difficult conditions where the relationship between the

conditional quantile function and the covariates is complex and noisy.

4.4.5 Performance of GEV-erf with Scenario 3

In this scenario, the covariate size is fixed at p = 50, and the functions y(.) and v(.) are chosen
to make more complex the relationship between the covariates and the conditional quantile of
the dependent variable. This scenario highlights the performance of our GEV-erf method in
predicting extreme quantiles when the covariate size is large, the quantile function is complex,
and in the presence of noise. Figure |4.3|displays the boxplot of log(/SE) for our model as well
as for the GRF and QRF models, across different quantile orders. This figure demonstrates that
our GEV-erf method outperforms the GRF and QRF methods, indicating its effective capture
of the complex structure of extreme quantiles, its adaptation to the high dimensionality of
covariates, and its ability to address the challenges outlined in the introduction. In figure §.4]

we present the boxplot of log(ISE) for various methods, considering different covariate sizes
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Figure 4.3: Boxplot of log(ISE) for p =50 and T = (0.99,0.995,0.999,0.9995) (Scenario 3).

and with quantile order set at 0.999. This graph shows that our method is efficient for different
values of p. In terms of performance, our method is superior to GRF and QRF for extreme
quantile regression analysis, particularly when the quantile function is complex and the size of
the covariates is large. This is particularly evident in scenarios where capturing the subtleties
of the quantile function is crucial. The performance of our method remains robust and reliable,

highlighting its advantages over other methods.

We evaluate the performance of the models using two additional error metrics: the mean
absolute error (MAE) and the median absolute error (MedAE). The results obtained are sum-
marized in Tables @.1) B.2] and [4.3] corresponding to the three scenarios of the study. The
analysis of these results, conducted for three levels of high quantiles (T = 0.99,0.995,0.9995),
demonstrates that the GEV-erf model systematically outperforms the GRF and QRF models.
Indeed, GEV-erf exhibits significantly lower errors as well as increased stability, even for ex-
treme quantiles. Conversely, the GRF and QRF models show a strong sensitivity to the highest
quantiles (T = 0.9995), resulting in a marked increase in errors. Moreover, the detailed analysis
by scenario confirms this trend: in scenario 1, GEV-erf maintains stable performance, while

the errors for the GRF and QRF models increase sharply for extreme quantiles; in scenario
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Figure 4.4: Boxplot of log(ISE) for p € {10,30,50,80} and T = 0.999 (Scenario 3).

2, a general degradation in performance is observed, but GEV-erf retains relatively higher
accuracy; finally, in scenario 3, overall performance improves for all models, with GEV-erf
nonetheless confirming its superiority. In summary, the analysis highlights the robustness and
precision of the GEV-erf model for estimating high quantiles, while the GRF and QRF models

reveal their limitations in dealing with extreme quantiles. These findings further support the

conclusions previously obtained.

Scenario 1
Model MAE MedAE
T=099 | 1=0.995 | 1=0.9995 || T=0.99 | Tt=0.995 | T=0.9995
gev 12.4 14.6 24.9 12.3 14.7 25.5
grf 12.8 16.5 71.8 12.8 16.3 31.7
qrf 12.5 15.9 68.7 12.5 15.1 31.1

Table 4.1: Performance of models for different metrics.

In the appendix we provide additional graphical representations for the different
scenarios considered in this work. These graphs validate our conclusions by illustrating the
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Scenario 2
Model MAE MedAE
T=099 | t=0995 | T=0.9995 || T=0.99 | T=0.995 | T=0.9995
gev 17.9 21.0 34.8 18.1 21.3 36.5
grf 18.5 22.2 83.7 18.3 21.8 38.7
qrf 18.8 22.9 88.1 18.5 22.0 37.4
Table 4.2: Performance of models for different metrics.
Scenario 3
MAE MedAE
Model ed
T=099 | t=0.995 | T=0.9995 || T=0.99 | T=0.995 | T=0.9995
gev 9.50 11.3 19.7 9.08 10.8 19.3
grf 10.1 12.7 36.2 9.85 12.2 33.7
qrf 10.3 12.8 34.1 10.9 11.8 31.7

Table 4.3: Performance of models for different metrics.

method’s performance for different orders of high quantiles. In so doing, we provide an overview

of the efficiency and robustness of our approach in handling extreme quantile regression tasks.

4.5 Applications to real datasets

To evaluate the performance of the extreme quantile regression model GEV-erf in a real-world
setting, we use daily meteorological data from the Fort Collins station in Colorado (USA),
recorded between January 1, 1900, and December 31, 1999. This dataset, available in (Siele-
nou and Alain, 2020), has been used in previous studies such as (Dkengne et al., 2020) and
(Katz et al., 2002). In our analysis, the response variable Y corresponds to the daily maximum
temperature (in degrees Fahrenheit), while the covariates include daily accumulated precip-
itation (in inches), daily accumulated snowfall, and two transformed variables: the variable
Season, which takes values 1 (winter), 2 (spring), 3 (summer), and 4 (fall), and the maximum
temperature of the previous day. Observations with missing values in any of the variables were
excluded, resulting in a total of 35,793 complete observations. To increase the dimensional-
ity of the covariate space and test the robustness of the model in a high-dimensional setting,
we add six independent random variables generated from a uniform distribution on [—1,1],
bringing the total number of covariates to p = 10. The analysis focuses on monthly maximum
temperatures, obtained by forming monthly blocks from the daily data. For model training,
70% of the monthly maxima are used as the training set, with the remaining 30% reserved for

testing.
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Figure 4.5: Variation of the estimated parameters é(x) as a function of the previous day’s
maximum daily temperature, by season.

The results reveal a strong dependence between the monthly maximum temperature and
the previous day’s maximum temperature. Figure {4.5]illustrates the variation of the estimated
GEV distribution parameters é(x) with respect to this covariate, with a distinction made across
seasons. A nearly linear increasing relationship is observed between the previous day’s max-
imum temperature and the location parameter ji(x), suggesting that warmer preceding days
raise the baseline level of expected extreme temperatures. The scale parameter 6(x) decreases
as the previous day’s temperature increases, indicating reduced variability in the extremes.
The shape parameter é_,(x) exhibits a more complex dynamic: for moderate temperatures, E(x)
remains close to zero, indicating a Gumbel-type tail (moderately heavy). However, for higher
temperatures—particularly during summer and autumn—é(x) becomes significantly negative.
This implies a shorter tail, suggesting the presence of an upper bound on extreme temperatures.
These findings are consistent with the conclusions of (Dkengne et al., 2020), who showed that
the unconditional distribution of daily maximum temperature belongs to the Weibull domain
of attraction (§ < 0), implying a finite right endpoint. Our conditional modeling using the

GEV-erf model confirms this property, with estimated values of the shape parameter ranging
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between —0.386 and —0.118, as shown in panel C of Figure 4.5 We conduct a quantitative
performance evaluation of the GEV-erf method by comparing it with the GRF approach of
(Athey et al., 2019) and the QRF method of (Meinshausen and Ridgeway, 2006), using the
metric proposed by (Wang and Li, 2013), defined as follows:

_ YUY < Ox(v)} — '

4.12
n't(l —n) *12)

Ry (Q (T)) )
where the function O, (t) denotes the estimated conditional quantile, evaluated on the test sam-
ple (xi,yi);_; .- The predictive performance of the different models is estimated using 5-fold
cross-validation. As an evaluation criterion, we use the absolute value of the metric defined in

(4.12). This procedure is repeated 20 times, and the average of the resulting errors is computed

300
g 100
N
=
O
30
10
0.80 0.85 0.90 0.95 1.00
T

Model: == gev =e= grf === qrf

Figure 4.6: Average prediction error for the different models as a function of the extreme
quantile level.

to stabilize the evaluation. Figure {.6| illustrates the evolution of the average prediction error
as a function of the probability level (on a logarithmic scale) for each of the evaluated models.
The results clearly show that the GEV-erf method outperforms the GRF and QRF approaches,
the latter two exhibiting very similar performance regardless of the extreme probability level
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considered.

4.6 Conclusion

Extreme quantile regression is a powerful statistical tool that allows for the analysis and pre-
diction of behaviours in the tails of distributions, where rare and extreme events occur. The
existing literature on modeling methods for this approach is limited, particularly in the con-
text of using the Block Maxima approach to ensure tail extrapolation. Most available methods
use the Peak-Over-Threshold approach, such as (Pasche and Engelke, 2024), (Velthoen et al.,
2023)), (Farkas et al., 2024) and (Gnecco et al., 2024)). In this work, we propose a flexible quan-
tile regression method based on the BM approach and the generalized random forest method
to address the issues encountered with classical quantile regression methods, primarily the
limitation to low-dimensional covariate spaces and the potential complexity of the quantile
function. Our proposed method effectively addresses these issues. Using the BM approach,
we model the tail of the conditional distribution Y|X = x for the generalized extreme value
distribution with parameters dependent on covariates. These parameters are estimated using a
penalized weighted maximum likelihood method, with weights obtained through the general-
ized random forest method. Simulation studies and application to real dataset show that our
method better captures the complex structure of the quantile function and provides good esti-
mates even when the characteristic variables are high-dimensional and in the presence of noise.
Our method demonstrates strong performance compared to other quantile regression methods
that utilize learning algorithms, such as (Meinshausen and Ridgeway, 20060) and (Athey et al.,
2019) method. While this work is more application-oriented, future research should aim to the-
oretically prove the consistence of our method, as done by (Gnecco et al., 2024) for the POT
approach. Another perspective is to explore the multidimensional case of Y (i.e., Y € 9 C R?

with g > 1) and examine the spatial aspect of our method.

Appendix

4.A Selection of parameters A and min.node.size

The table |4.4|shows the results of the cross-validation used to select the penalty A and the tun-
ing parameter min.node.size for the generalized random forest. To optimize the execution time
of the cross-validation, we set the number of trees in the forest to num.trees = 2000 (the default
value in the GRF method). The various A values tested are {10~4,1073,0.005,0.01,0.05,0.1}
and those of min.node.size are {5,10,20,50} using 5-fold cross-validation (i.e. we take K =5
in @.11))). We select the pair (A;min.node.size) that minimizes the cross-validation error de-
fined in (@.T1). The table 4.4] shows the cross-validation errors for all combinations of these
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hyper-parameters in the set under consideration, and for the different scenarios performed.
According to this table, the smallest cross-validation error is obtained for the combination
(A = 0.001; min.node.size = 10) for scenario 1, (A = 0.001; min.node.size = 50) for scenario

2 and (A = 0.001; min.node.size = 5) for scenario 3.

Grid parameter for CV CV-Error

A | min.node.size | Scenario 1 | Scenario 2 | Scenario 3
le-04 5 11.53729 13.10445 10.42870
1le-03 5 11.53557 13.10410 10.41969
5e-03 5 11.53842 13.10315 10.42660
le-02 5 11.53971 13.10379 10.42475
5e-02 5 11.53710 13.10341 10.42564
le-01 5 11.54149 13.10148 10.42543
le-04 10 11.53785 13.09767 10.42836
1e-03 10 11.53538 13.09863 10.42696
5e-03 10 11.53980 13.09724 10.43051
le-02 10 11.53842 13.09817 10.42812
5e-02 10 11.53824 13.09793 10.42688
le-01 10 11.53911 13.09822 10.42852
le-04 20 11.53810 13.09522 10.43054
1e-03 20 11.53865 13.09498 10.42747
5e-03 20 11.53897 13.09506 10.42786
le-02 20 11.53886 13.09487 10.43035
5e-02 20 11.53847 13.09440 10.42615
le-01 20 11.53947 13.09515 10.42804
le-04 50 11.54066 13.09314 10.42667
1e-03 50 11.53954 13.09209 10.42739
5e-03 50 11.53960 13.09295 10.42588
le-02 50 11.54043 13.09330 10.42886
5e-02 50 11.54106 13.09272 10.42899
le-01 50 11.54099 13.09276 10.42816

Table 4.4: Adjustment parameters with different combinations of A and min.node.size.

4.B Additional simulation study

In this section, we perform additional experiments to demonstrate the performance of our
method in different scenarios and for various quantile orders. Whatever the quantile order
considered, our model maintains high performance across the various scenarios and covariate
sizes studied, as shown in Figures 4.7, [4.8] and 4.9
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Figure 4.7: Boxplot of log(ISE) over 100 replication, for p € {10,30,50,80}, T = 0.99 and
different scenario.

4.C Sensitivity analysis of block size m

We study here the sensitivity of the block maxima (BM) method to the block size m, a cru-
cial parameter for estimating extreme quantiles. An excessively large block size increases
the variance of the estimators, while an insufficient block size induces bias. The literature
does not provide a universal method for selecting the block size m, although several recent
contributions have attempted to address this issue. For example, (Ozari et al., 2019), (Ozar
et al., 2018) present a computational approach illustrated by a financial case study. (Wang
et al., 2016) propose a multi-criteria method combining graphical analyses and goodness-of-
fit tests (Kolmogorov—Smirnov, x2). (Dkengne et al., 2020) develop an automatic method ap-
plied in engineering and meteorology, while (Cervantes et al., 2024) assess the fit of the GEV

distribution across nine representative block sizes using QQ-plots and statistical tests (Kol-
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Figure 4.8: Boxplot of log(ISE) over 100 replication, for p € {10,30,50,80}, © €
{0.995,0.999} and different scenario.

mogorov—Smirnov, Anderson—Darling, Cramér—von Mises).

Building on these contributions, we analyze the impact of the block size m on both the
fit of the estimated GEV distribution and the estimation of the conditional quantile. For each
scenario, we consider a range of block sizes from 10 to 100 in increments of 5. For each value
of m, the model is trained on a dataset of size N, and the conditional quantile is then esti-
mated on an independent test sample {(xi,yi)};’/:l, as described in Section The covariate
dimension is fixed at p = 40, the regularization parameter at A = 0.001, and the parameters
min.node.size and num.trees are retained at their default values from the grf package (Athey
etal., 2019). The GEV-ERF model is fitted to the block maxima samples corresponding to each
block size. For each value of m, two steps are performed using the test sample. First, the MISE
(as defined in Section is computed for various quantile levels (t € {0.9,0.99,0.999}), in

order to identify the minimum block size my,j, beyond which the MISE stabilizes. Second, for
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Figure 4.9: Boxplot of log(ISE) over 100 replication, for p € {10,30,50,80}, T = 0.9995 and
different scenario.

all m > my,,, we assess the goodness-of-fit of the conditional GEV distribution estimated by
the GEV-ERF method using three statistical tests: Kolmogorov—Smirnov (KS), Cramér—von
Mises (CVM), and Anderson—Darling (AD). These tests are applied to the probability integral
transform of the estimated distribution. More precisely, for each i € {1,...,n'}, we compute
u; = Gg(Xi)(Zi), where z; is the block maximum from the test sample, and test whether the u;
values follow a uniform distribution.

The goodness-of-fit tests are performed using the functions ad.test (AD test) and cvm. test
(CVM test) from the goftest package, and ks.test (KS test) from the stats package.
Lower values of the test statistics indicate a better fit between the model and the data. Fig-
ure 4.10] shows the evolution of the logarithm of the MISE as a function of block size for
various quantile levels across the scenarios. The results indicate that while increasing block

size tends to raise the MISE of the estimated quantiles, this increase becomes less variable be-
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Figure 4.10: Log(MISE) of Estimated Conditional Quantiles vs. Block Size for scanrio 1 (A),
scenario 2 (B) and scenario 3 (C)

yond mpi, = 30 in Scenarios 1 and 2, and mp,;, = 25 in Scenario 3. This trend can be explained
by the fact that smaller blocks provide more observations for training, thereby improving the
performance of the estimation method.

Table @] presents the KS, AD, and CVM test statistics for block sizes m > myj,. The
smallest values for the KS and CVM statistics occur around m = 45 in Scenarios 1 (0.061
and 0.172, respectively) and 2. In Scenario 3, the minimum values across all three tests are
achieved at m = 25, indicating a good model fit at that block size. These findings confirm
that block size significantly influences the quality of fit of the GEV-ERF model. The results
highlight the method’s sensitivity to this parameter and suggest that block sizes in the range
of 25 to 50 generally provide a good trade-off between bias and variance, ensuring a satisfac-
tory fit between the estimated GEV distribution and the block maxima. The choice of block

size remains a central challenge in extreme value analysis. In practice, it is common to select
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| Block size | Scenario 1 | Scenario 2 | Scenario 3 |

KS AD CVM KS AD CVM KS AD CVM
Stat stat stat stat stat stat stat stat

25 0,053 1,572 0,234
30 0,072 1,468 0,206 | 0,046 0,453 0,074 | 0,080 1,950 0,350
35 0,071 1,290 0,203 | 0,071 0,950 0,180 | 0,101 3,845 0,728
40 0,077 1,975 0,296 | 0,055 0,561 0,088 | 0,111 3,717 0,704
45 0,061 1,308 0,172 | 0,036 0,237 0,028 | 0,119 4,659 0,914
50 0,073 1,571 0,232 | 0,059 0,468 0,083 | 0,109 3,523 0,648
55 0,085 1,753 0,245 | 0,069 0,652 0,103 | 0,120 3,243 0,573
60 0,090 1,492 0,242 | 0,055 0,324 0,035 | 0,103 2,672 0,491
65 0,095 1,686 0,300 | 0,064 0,451 0,062 | 0,139 4,437 0,848
70 0,090 1,372 0,223 | 0,056 0,272 0,031 | 0,103 1,851 0,307
75 0,102 1,478 0,256 | 0,047 0,285 0,030 | 0,097 2,171 0,368
80 0,140 2,296 0,431 | 0,091 0,980 0,159 | 0,112 2,876 0,463
85 0,121 2,074 0,385 | 0,142 2,956 0,442 | 0,138 3,946 0,735
90 0,102 1,210 0,206 | 0,058 0,309 0,025 | 0,128 2,525 0,458
95 0,112 1,647 0,259 | 0,058 0,281 0,023 | 0,149 4,444 0,849
100 0,132 2,118 0,388 | 0,113 1,380 0,176 | 0,124 1,773 0,306

Table 4.5: Statistical values for the various tests as a function of block size (verifying m > m,y;y,
) and scenario.

block sizes based on natural time units—such as a year, season, or month—depending on the

temporal resolution of the data.
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Introduction

5.1 Introduction

The study of extreme phenomena has become an unavoidable necessity in the current con-
text, where their impacts are increasingly concerning. Whether related to climate change (Ar-
nell, 1988)), financial crises, or technological failures, extreme events—though rare by defini-
tion—often lead to severe and disproportionate consequences. Positioned in the extreme tails
of statistical distributions, these events exhibit unique characteristics that cannot be captured
by average or typical behaviors. Their modeling and understanding, therefore, require spe-
cialized tools capable of grasping the complexity and dynamics inherent to these phenomena.
Classical statistical methods, which primarily focus on analyzing the central values of distri-
butions, provide powerful frameworks for examining average trends and central relationships
between variables. However, they prove inadequate when it comes to exploring or predicting
behaviors in the extreme regions of distributions. The tails of distributions, where extreme val-
ues reside, are often underrepresented in standard models due to the low data density and the
difficulty of capturing the complex relationships that prevail in these regions. In response to
these limitations, new methodologies have emerged to address the specific needs of extreme
event analysis. Among them, extreme quantile regression stands out for its relevance and con-

stitutes the main focus of this work.

The quantile regression model, as introduced by (Koenker and Bassett, 1978]), aims to
estimate a conditional quantile from a sample (X,Y1),...,(Xy,,Y,), representing independent
copies of the random vector (X,Y), where X € X C R” and Y € 9" C R. This model allows for
the estimation of the conditional quantile Q,(t), defined as

Q(1) = F (7). (5.1)

where x € X, T € (0,1), and FY_‘}(:X represents the generalized inverse of the conditional cu-
mulative distribution function of ¥, given X = x. This model has revolutionized the statistical
approach by providing a powerful alternative to classical regression (Beyerlein, 2014b)). Un-
like the latter, which is limited to estimating the conditional mean E(Y|X = x), quantile re-
gression allows for the estimation of any conditional quantile. This flexibility enables a deeper
understanding of heterogeneous relationships between variables, highlighting dynamics that
traditional methods fail to capture. Numerous quantile regression models have been proposed
in the literature, including those by (Angrist et al., 2006)), (Koenker, 2017), (Benziadi et al.,
2016)), (Cade and Noon, 2003), and (Wang and Tsai, 2009). These approaches are effective for
moderate quantiles, where sufficient observations are available in the sample. However, when

focusing on extreme quantiles, located in the tails of the distribution, new challenges arise.

Classical quantile regression methods perform well when t, — 1 and n(1—1,) — ccasn —

co. In contrast, when T, — 1 and n(1 —1,) — d € (0,+00), estimation requires extrapolation

ULHN ©2026 104 Lucien Mahutin VIDAGBANDJI



Introduction

into the tails. This is problematic because observations are scarce in these regions and the
statistical properties of extremes differ fundamentally from those in the central part of the
distribution. Extreme quantile regression, leveraging advancements from extreme value theory
(EVT) and incorporating robust estimation techniques, emerges as an appropriate response to
these challenges. Several studies have explored the integration of extreme value theory in this
framework, including those by (Chernozhukov, 20035)), (Zheng et al., 2017), (Zhu et al., 2022),
(Schaumburg, 2012), (Saulo et al., 2022), (Chernozhukov et al., 2020), and (Kithinj et al.,
2021). A more detailed presentation of extreme quantile regression approaches can be found
in the work of (Chernozhukov et al., 2017)).

Even when sufficient data is available, classical regression methods can encounter difficul-
ties if the conditional quantile function is nonlinear or heterogeneous. In such cases, overly
simplistic models risk introducing bias (Gnecco et al., 2024). To address this issue, several
models combining statistical learning methods have been proposed. Among the notable ap-
proaches are those based on neural networks, such as (Cannon, 2018), as well as methods
relying on decision trees and random forests, including those proposed by (Chaudhuri and
Loh, 2002), (Meinshausen and Ridgeway, 2006)), (Buchinsky, 1998), and (Athey et al., 2019).
Additionally, studies utilizing other machine learning techniques, such as those by (?), (Yao

et al., 2022), and (Tyralis et al., 2019)), also provide significant contributions.

In high-dimensional settings, identifying neighbors close to x becomes problematic, and
kernel or nearest-neighbor methods suffer from the curse of dimensionality. Recently, sev-
eral approaches have combined EVT with statistical learning to simultaneously address ex-
trapolation in the tails, complexity of quantile fonction, and high dimensionality of covariate
space. Examples include generalized additive models proposed by (Youngman, 2019), gradi-
ent boosting introduce by (Velthoen et al., 2023)), neural networks by (Pasche and Engelke,
2023)), and generalized random forests proposed by (Gnecco et al., 2024) and (Vidagbandji
et al., 2025). To enable extrapolation in the distribution tails, these authors use the generalized
Pareto distribution (GPD) within the Peak-over-Threshold (POT) approach of extreme value
theory. Specifically, these models approximate the conditional distribution ¥ |X = x in expres-
sion (5.1)) with the GPD, where the parameters depend on the covariate x, and thus obtain the

extreme conditional quantile using various techniques for estimating the GPD parameters.

In this paper, we adopt the block maxima approach from EVT (see (De Haan and Fer-
reira, 2006), (Coles, 2001) for a detailed presentation), which models block maxima using
the generalized extreme value (GEV) distribution. We propose an extreme quantile regression
method where the GEV parameters (u, 6,&) depend on covariates x € X. These parameters are
estimated through a weighted version of the penalized maximum likelihood estimator, origi-

nally introduced by (Coles and Dixon, 1999)), where the weights are derived from generalized
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random forests (Athey et al., 2019). The generalized extreme value distribution is given by

1

exp (1485, ). it 0.

exp (—exp (—5F)), ifE=0,

Guog) (@) = (5.2)

defined on {z € R: 1 +&*F > 0}, where € R is the location parameter, ¢ € R, is the scale
parameter, and & € R is the extreme value index. Inspired by (Gnecco et al., 2024), our ap-
proach simultaneously addresses three challenges: extrapolation in the tails through the GEV
distribution, complex quantile structures via adaptive similarity weights, and high-dimensional
predictors space through the partitioning properties of grf. Finally, the penalty function em-
ployed in this work ensures the asymptotic optimality of the maximum likelihood estimator in
large samples and improves estimation accuracy in small-sample settings.

This article is structured as follows. Section [5.2] introduces the fundamental concepts re-
lated to extreme quantile regression, the block maxima approach that we will use in our
method, and the technique of generalized random forests. Section [5.3] is dedicated to a de-
tailed description of our methodology, with a particular focus on estimation and validation
techniques suited to the tails of distributions. Finally, in Sections and[5.5] we evaluate the
effectiveness of the proposed method through simulation studies and an empirical application

using salary census data from the United States for the year 1980 (Angrist et al., 2006).

5.2 Extreme quantile regression

The literature on extreme quantile estimation relies on the asymptotic results of extreme value
theory, which allow for extrapolation beyond the range of observed data (De Haan and Ferreira,
2006; ?). In the case where no covariate is available, consider a sample (Y1,...,Y,) consisting
of independent and identically distributed realizations of a random variable ¥ with a cumula-
tive distribution function F. The goal is to estimate the quantile Q(t) = F~!(t) for an extreme
probability level T € (0, 1). When this level depends on the sample size n, let T = T,. A proba-
bility level is considered extreme if T, — 1 and n(1 —t,) — d > 0 as n — +oo. In this case, the
number of observations exceeding the quantile Q(t,) becomes limited as n increases, making
empirical estimation particularly difficult. Estimating these extreme quantiles requires extrap-
olation beyond the range of available data (De Haan and Ferreira, 2006), which necessitates
robust asymptotic theory to make these extrapolations accurately and reliably. Let Ty denote
the intermediate probability level from which the quantile order becomes extreme.

One of the main results concerning extrapolation is the asymptotic theorem by (Fisher
and Tippett, 1928) and (Gnedenko, 1943), which establishes the limiting distribution of the

maximum of a sequence of independent and identically distributed random variables. These
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authors demonstrated that if there exist sequences a,, > 0 and b,, € R such that
F"(b,+apnx) — G(x), as n— oo, (5.3)

where F" denotes the n-th power of the cumulative distribution function of the random variable

Y, then G is a non-degenerate distribution given by

Ge() = exp (—(1+80) ¢),

for all x such that 1+&x > 0 and § € R. The case § = 0 corresponds to the limit of Gg (x)
as & — 0, and is given by Go(x) = exp(—e ™). A cumulative distribution function F is said
to belong to the domain of attraction of an extreme value distribution, denoted F' € Q)(Gg),
when there exist sequences a, > 0 and b, € R such that the equality is satisfied. De-
pending on the sign of &, three domains of attraction are distinguished: the Fréchet domain
of attraction (when & > 0), the Gumbel domain of attraction (when & = 0), and the Weibull
domain of attraction (when & < 0). The shape parameter & plays a key role in characterizing
the behavior of the upper tail of the distribution. The Weibull class is characterized by a finite
upper bound, while the Gumbel and Fréchet classes feature infinite tails with distinct rates of
decay. More specifically, the Fréchet distribution, which has heavy tails, decays polynomially,
while the Gumbel class decays exponentially. This difference in tail behavior is crucial, as it
reflects structural differences in the modeling of extreme values. The unification of these three
classes into a generalized extreme value distribution, whose explicit form is given by equation
(5.2),, offers the major advantage of allowing the data to determine the most appropriate family,
thanks to the estimation of the § parameter using inference methods. Thus, the choice of tail
behavior is made without the need for prior decisions. Additionally, the uncertainty surround-
ing the estimation of & allows for an assessment of the relative relevance of the three types
of distributions for their application to the available data (De Paola et al., 2018). In practice,
special attention is given to the estimation of this parameter.

In this work, the GEV distribution is used to facilitate extrapolation in the tail of the distri-
bution and thus the estimation of extreme quantiles. By inverting this distribution, the quantile
corresponding to an extreme probability level T, > T¢ is obtained, expressed by

9
Ht+ =

o) : ((—ln(r))_&’ - 1) if & £0,
u—oln(—In(t)) if & =0.

5.4

The estimation of the extreme quantile involves determining the parameters y, 6, and &. Many
works have focused on estimating these parameters while integrating statistical learning meth-
ods capable of addressing the issues raised in the introduction, namely the high dimensionality

of the predictor space and the complexity of the relationships between the response variable
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and the explanatory variables. Within the framework of the Peak-over-Threshold (POT) ap-
proach in extreme value theory, (Velthoen et al., 2023) proposed a method based on gradient
boosting to estimate the parameters of the conditional generalized Pareto distribution (GPD),
thereby providing an estimate of the extreme conditional quantile. Meanwhile, (Pasche and
Engelke, 2023) developed a method using neural networks to estimate these conditional quan-
tiles. In a similar approach, (Gnecco et al., 2024) introduced a method for estimating the pa-
rameters of the conditional GPD via a weighted version of the maximum likelihood estimator,
with the weights determined by the generalized random forest method. Although the maximum
likelihood method is widely used and presents interesting asymptotic properties ((Biicher and
Segers, 2017), (Dombry, 2015), (Dombry and Ferreira, 2019)), it is often criticized for its lim-
ited performance in the case of small samples. This weakness is a major obstacle in practice,
where the analysis of extreme events often relies on a limited amount of data. Indeed, the rar-
ity of extreme events means that, even over long periods of observation, the data available for
fitting an extreme value model can remain scarce. To address this issue, (Coles and Dixon,
1999) proposed a penalized maximum likelihood estimator for the parameters of the GEV dis-
tribution. This approach retains the asymptotic properties of the classical maximum likelihood

estimator (MLE) while improving its robustness and performance in the presence of small

samples. The likelihood function associated with the independent block maxima zy,...,z, is
given by
ndG(ziu, o,
L(‘U,G,é) :H(l+§)v (55)
l

i=1

and the maximum likelihood estimator of the parameters 0 of the GEV distribution is given by
6= L(u,c
argmax L(,,8),

with L(u,0,§) given in equation (5.5) and ® C R x R%. x R. To address the limitations of
the maximum likelihood method with small samples, our approach incorporates the penal-
ized likelihood function proposed by (Coles and Dixon, 1999), as detailed in Section [5.3.2]
Specifically, we develop an estimation procedure for the parameters of the conditional GEV
distribution based on a weighted extension of the estimator introduced by (Coles and Dixon,
1999), where the weights are derived from the generalized random forest method described

below.

Generalized Random Forest

The generalized random forest (grf), introduced by (Athey et al., 2019), extends the classical
random forest method (Breiman, 2001). Like traditional random forests, grf aggregates predic-
tions from B decision trees, each grown on a bootstrap sample and built using random feature

selection at each split, which promotes diversity and improves generalization. The key novelty
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of grf is the flexibility to adapt the loss function guiding tree construction, making it suitable
for a wide range of estimation tasks, such as conditional means, conditional quantiles (Athey
et al., 2019), or extremal quantiles (see (Gnecco et al., 2024) and (Vidagbandj1 et al., 2025)).
Let {(X;,Y;) }i=1,.. » be the training data. For a test point x € X, each tree provides an estimate
Lixer, () T Y;, where R, (x) denotes the region (or leaf)

i=1 [{j:X;ERy(x)
of the b-th tree containing x. Equivalently, Rb( ) corresponds to the set of training observations

of the condltlonal mean: Np(x) = Y7

X; that fall in the same terminal node as x. The forest prediction 1(x) is obtained by taking the
average of all the predictions from the B trees

with similarity weights defined as

B
Lixicry(x }
5.6
z"!{J -0

where |E| denotes the cardinality of the set E. The weights wy,(x,X;) quantify the contribution
of observation X; to the prediction at x. They can be understood as the normalized frequency
with which X; and x fall in the same leaf across the ensemble of trees. Thus, w,(x,X;) defines
an adaptive similarity measure between x and X;, reflecting how strongly X; influences the pre-
diction at x. This provides an intuitive interpretation: R, (x) identifies the local neighborhood

of x within a tree, and w,(x,X;) aggregates these neighborhoods across the forest.

In standard random forests, the similarity weights implicitly favor observations X; with
E(Y|X = X;) ~ E(Y|X = x). However, this mechanism may fail to capture heterogeneity in
quantile functions: an observation X; may have a low weight even if Qy|x_x,(T) = Qyx—(T)
(see (Athey et al., 2019)). By contrast, grf incorporates a loss function tailored to quan-
tiles, ensuring that the similarity weights emphasize observations relevant for conditional
quantile estimation. Moreover, grf-based weights adaptively partition the covariate space in
a way that highlights the most informative variables. This is particularly advantageous in high-
dimensional settings: unlike kernel or nearest-neighbor methods, which are severely affected
by the curse of dimensionality, grf constructs data-driven neighborhoods around x that cap-
ture complex and possibly nonlinear dependencies between the response and the covariates.
Therefore, weights based on the grf are a robust and flexible tool for approximating conditional
quantiles, even in heterogeneous and high-dimensional environments. They play a central role
in the methodology we propose. In what follows, these weights will be denoted by w;(x) for
allxe Xandi=1,...,n
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5.3 Model and inference procedure

In this section, we present in detail the procedure for estimating the parameters of the condi-
tional GEV distribution, as well as our flexible method for estimating the conditional quantiles

associated with extreme probability levels, in order to address the challenges discussed in sec-

tion[3.2

5.3.1 Setup for extreme quantile regression

Let (X1,Y1),(X2,Y2),... be a sequence of independent and identically distributed random vec-
tors, coming from the random vector (X,Y). Suppose that the conditional distribution function
of Y given X = x, denoted F;(-), belongs to the domain of attraction of the extreme value dis-
tribution, i.e., F; € D (Gg(y)), with the corresponding normalizing sequences a,,(x) and by, (x)
defined in . We divide the sequence of vectors into n blocks of size m, such that the k-th
block, for kK > 1, is given by

Bk.,m = {(X(k—l)m+1aY(k—l)m+1)a R (inmYkm)}'

Let Zi ,, = max{Y; : (X;,Y;) € Bi,n} and X ,, be the X; associated with the ¥; maximizing
{Y:: (Xi,Y:) € B }- Thus, for any m > 1, the sequence { (Xi »,Zkm) }x>1 represents the block
maxima, where the maximum is taken with respect to the Y-component. For any x € X and
m > 1, the variables {Zy ,,|Xx, = x}>1 are independent and identically distributed with a
distribution function F}". Thus, for any x € X and m > 1, we have

Zm — b(x) ) d
— Xy, = G oo
am(x) kim = X = Gg(y) as m — oo,

1

with Gg(y)(2) = exp (—(1 +&(x)z) im) . This allows us to approximate, for all x € X, the
distribution of Z ,,,| X ,» = x by the conditional GEV distribution, where the parameters depend
on the covariate x. More specifically, the location, scale, and shape parameters are functions
of x, defined respectively by u(-) : X = R, o(-) : X = R%_, and {(-) : X — R. The conditional
GEV distribution is given by

GG(x) (Z) = exp G(x)
+

- (1+E,<x>z_”’<x>>_é<1”] , (57

with 8(x) = (u(x),0(x),&(x)) for all x € X. The case &(x) = 0 corresponds to the limit of the
expression given in (5.7) as &(x) — 0, and is given by

z—u(x
G(u(X),c(x),O) (z) =exp [— exp (_ u( ))} .

G(x)
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The quantile of order T (with T close to 1) of the conditional GEV distribution is obtained by
inverting the distribution given in (5.7). It is given, for all x € X, by
o(x) ~&() -
u) + 2 (=) S~ 1) if () 40,
O« (1) = &(x)
u(x) —o(x)In(—In(t")) if &§(x) =0.

(5.8)

The conditional quantile depends on the three parameters of the conditional GEV distribution,
namely u(x), o(x), and &(x) for each x € X. Therefore, its estimation requires the prior es-
timation of these parameters, which we propose to obtain initially, before substituting them
into equation to calculate an estimate of Q,(t). There are various methods to estimate
these parameters, among which the maximum likelihood estimator is recognized for its flex-
ibility and effectiveness in modeling extremes. However, this estimator performs worse than
an alternative method based on probability-weighted moments (PWM) when applied to small
samples. According to (Coles and Dixon, 1999)), the superiority of the PWM method for small
samples can be attributed to the assumption of a restricted parameter space, corresponding to
finite population moments. In order to incorporate similar information into a likelihood-based
approach, the authors propose a penalized maximum likelihood estimator, wich will be pre-
sented in section [5.3.2] This estimator retains the flexibility of modeling and the asymptotic
optimality of maximum likelihood, while improving its performance in the presence of small
samples. The weighting procedure for this estimator, proposed in this work, which addresses

the issues stated in the introduction, is detailed in the following section.

5.3.2 Penalized weighted likelihood estimator

As described in section[5.2] the estimation of the conditional quantile presents two major chal-
lenges: the first is encountered when estimating quantiles for high probability levels (T close
to 1), and the second arises when the quantile function is complex and the dimension of the
predictor space is high. Our methodology addresses both of these challenges simultaneously.
To facilitate extrapolation in the tail of the response variable Y conditional on X = x, we rely
on the asymptotic results of extreme value theory. More specifically, we model block maxima
using the conditional GEV distribution, as defined in section@ Furthermore, to capture the
complex structure of the quantile function and ease the estimation in a high-dimensional co-
variate space, we use the weights w;(x), which are estimated using the method of generalized
random forests, detailed in section [5.2] The limited performance of the maximum likelihood
estimator for estimating extreme quantiles in small samples can be attributed to the marked
positive skewness in the distribution of the estimated parameter &, which amplifies errors due
to the nonlinear relationship between the quantile Q;(t) and &, leading to significant biases. In

contrast, the estimator based on probability-weighted moments (PWM) a priori assumes that
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€ < 1, which limits the variation of  and generates a moderate negative bias, less severely pe-
nalizing errors (Coles and Dixon, 1999). This bias-variance trade-off allows PWM to provide

more reliable estimates of extreme quantiles.

Since the maximum likelihood estimator may yield unstable results with small samples
and produce values of the shape parameter outside the admissible range, (Coles and Dixon,
1999) proposed the use of a penalty function. This function incorporates into the likelihood
the information that § < 1, while making values close to 1 less probable than smaller values.
In this way, it imposes a coherent restriction on the parameter space, analogous to that used
for the PWM estimator, thereby improving the estimation of GEV parameters in small-sample
settings. The penalization acts as weak prior information, ensuring consistent estimates with-
out compromising the main advantages of likelihood-based inference. The proposed penalty

function is defined as follows

1 if§ <0,
Pya(E) = (ﬁp{—k(ﬁz—l)a} if0<E<1, (5.9)
0 if§>1,

where o0 > 0 and A > 0 are tuning parameters. Larger values of o impose a stronger relative
penalty on values of § close to 1, while A controls the overall weighting attached to the penalty.
To account for heterogeneous data structures, we propose an adaptive procedure to select the
optimal values of the tuning parameters, based on the cross-validation method described in
Appendix According to (Coles and Dixon, 1999), the combination A = ot = 1 provides
good performance for a wide range of & values and sample sizes. Although our adaptive se-
lection increases computational cost, it yields more stable and flexible performance in our
applications, while also capturing heterogeneous structures in the data. As illustrated in Figure
5.4 the optimal parameter values differ from the default values. However, it is important to
note that, across the considered parameter grid, the variation in the cross-validation error is
small, and therefore does not completely contradict (Coles and Dixon, 1999) recommenda-
tion. These experiments thus confirm that the results remain robust to moderate changes in the
tuning parameters. The resulting penalized maximum likelihood estimator (PMLE) provides
more stable estimates of & and, consequently, of extreme quantiles, enhancing the reliability
of inference in extreme value analysis. For § < 0, the PMLE is practically indistinguishable
from the classical MLE. In contrast, for § > 0, its behavior resembles that of the probability-
weighted moments estimator, exhibiting lower variance at the cost of a slight negative bias (see
(Coles and Dixon, 1999)). Overall, in terms of the bias—variance trade-off, the PMLE performs

at least as well as the probability-weighted moments estimator.

The maximum penalized likelihood estimator retains all the asymptotic properties of the

classical estimator, and that its performance in the presence of small samples is comparable to
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that of the PWM estimator. We incorporate this approach in the estimation of the parameters
of the conditional GEV distribution in the context of this work. We define the estimator 6(x)
for the parameters of the conditional GEV, as the parameter 0(x) that minimizes the weighted

and penalized (negative) log-likelihood, given by

-

Ly (0:x) = ) wi(x)lo(zi) +10g(Py(8)),  Vx € X, (5.10)

1

dz;
weights w;(x) for i = 1,...,n are obtained through the grf method, which is described in sec-

where /g(z;) = —log <M> and P, (&) is the penalty function defined in |i The

tion[5.2] The theoretical guarantees of the maximum likelihood estimator for the GEV distri-
bution are well documented in the literature. The existence and convergence of the estimator
are proved by (Dombry, 2015) and (Biicher and Segers, 2017) for £ > —1, and the asymp-
totic normality is demonstrated by (Dombry and Ferreira, 2019) for & > —%. Regarding the
penalized estimator, (Coles and Dixon, 1999) have shown that the penalized maximum like-
lihood retains the asymptotic properties of the classical MLE, since the penalty only acts as
weak prior information when § close to 1. In our framework, we extend this estimator to the
weighted setting, where the weights are obtained from generalized random forests. Asymptotic
guarantees for grf-based weights have been established by (Athey et al., 2019), who proved
consistency and asymptotic normality for localized parameter estimates. Combining these re-
sults with the properties of the penalized MLE, we expect the weighted penalized estimator
to inherit the same asymptotic guarantees under regularity conditions. A complete theoretical
analysis is beyond the scope of this paper, but we acknowledge the importance of this point

and plan to address it in future work.

The likelihood function of the GEV distribution does not have a global maximum, but, by
abuse of language, we will refer to (3(x),6(x),&(x)) as a weighted penalized maximum likeli-
hood estimator if L™ (6;x) has a local minimum at (3(x),&(x),&(x)). The parameter space of
the GEV distribution, denoted 6(X) = {{ € R x (0,+0) x (—1,+00) : L = O(x) for some x €
X}, is unknown in practice. We define our estimator é(x) as the value of the parameter 0 that
optimizes over a compact set @ C R x (0,4o0) x (—1,+oc0) such that (X) C @. It is
thus defined by

6(x) € argmin LP"(0;x). (5.11)
6cO

These estimated parameters are then substituted into (5.8)) and the final estimation of the con-

ditional quantile of order T > Ty is given by

((x 6(x) —In(z™ &) _ if € (x
RO H 36y (=10t ) f%( 7o (5.12)
fi(x) = 6(x)In (—In(t")) if E(x) =0
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Based on the work of (Gnecco et al., 2024), (Pasche and Engelke, 2023)), and (Velthoen et al.,
2023), we adopt in this study the value tp = 0.8, which corresponds to the probability level
beyond which Q;(t) is considered an extreme quantile. Thus, our method applies to probability

levels T > 7. The algorithm outlining our approach is presented below in algorithm 2]

Algorithm

Let Dy = {(X;,Y;) }i=1..n denote the initial sample, and 2, = {(X;,Z;)}i=1..n the sample of
block maxima defined in Section @, where m represents the block size, and v is the vector

containing the hyperparameters associated with the generalized random forest. The function

Algorithm 2 erf_Pen

: erf Pen-fit

Input:(Dy, m, v)

D', < makeBloc(Dy,m),

wil.)  grf (D),

Output: erf_Pen < (D', w;(.),m).

1: erf_Pen-predict

2: Input: (erf_Pen, x, T, a, 1)
3: O(x) arggnigLﬁen(G;x) as defined in (5.11)),
€

AN e

4: O,(t) is computed by substituting (x) into equation (5.12)).
5: Output: (6(x),0.(7)).

makeBloc divides the initial sample into blocks of a given size m and returns the sample of
block maxima. The grf function is used to adjust the weights using the generalized random
forests method proposed by (Athey et al., 2019) and defined in section[5.2]

5.4 Simulation Study

In this section, we conduct simulation studies to demonstrate the performance of the pro-
posed method and its ability to address the issues outlined in the introduction. An independent
sample of size N = 90,000 is generated for the random vector (X,Y), where the covariate
X € RP? follows a uniform distribution over the hypercube [—1,1]”, and the conditional re-
sponse variable Y |X = x follows a heavy-tailed distribution, according to the simulation study.
The goal is to estimate the extreme conditional quantile Qy(t) for high probability levels, with
T € {0.9,0.99,0.995,0.9995,0.9999}. The sensitivity analysis with respect to the block size
is provided in Appendix This analysis indicates that the model is sensitive to the choice
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of block size m and suggests an optimal range of 30 — 70 for Scenario 1 and 35 — 110 for
Scenario 2, ensuring good agreement between the estimated GEV distribution and the block
maxima. To ensure a sufficient number of observations for the learning process of our method,
we set the block size to m = 40, which produces n = 2,225 observations from the N = 90,000
generated data.

We compare our erf_Pen method with two other widely used quantile regression methods
in the literature, namely the quantile regression forest (qrf) method proposed by (Meinshausen
and Ridgeway, 2006)) and the generalized random forest (grf) method proposed by (Athey et al.,
2019). We also consider a third method dedicated to extreme values, the Generalized Additive
Extreme Value Model (evgam) introduced by (Youngman, 2022), in which the parameters of
the GEV distribution are expressed as generalized additive functions. In our study, the location,
scale, and shape parameters are modeled as smooth additive functions of the covariates, with-
out including interaction effects. In order to demonstrate both the necessity and superiority of
the penalized model, we included the unpenalized model (denoted by Unpen_ERF) in our com-
parisons. This approach clearly illustrates the advantage of penalization. To evaluate the per-
formance of the methods, we generate a test dataset {Xi}i:1,...,n' with n’ = 8,000 (after forming
the blocks with m = 40, which gives 200 observations for the test) using the Halton sequence
(Halton, 1964)). We use three metrics to compare the performance of the different methods.
For each T > 7¢, we calculate the integrated squared error (ISE) for the estimated conditional
quantiles {Qy,(t)}i—1, . on the test data, as follows: ISE = 3 Z?lzl (QX, () — Q (’l:))z, where
x — Q(t) represents the true quantile function for the probability level t. By averaging
over R = 100 replicas of the fitting and estimation process for Q(T), we obtain the mean
integrated squared error (MISE), which is also used by (Gnecco et al., 2024)) and (Velthoen
et al., 2023) for evaluating the performance of their methods. The second metric we use is the
integrated bias (IBias), introduced by (Wang and L1, 2013), which is defined as the average:
[Bias = %Z?lzl (Qx, (1) — Q(T)) , calculated on the test data. Finally, the third metric we use
is the median absolute error (MedAE), which represents the median of the absolute differences
}Q&. (t) — Q,(7)| on the test data {x;};—1 .

The first scenario of this simulation study aims to demonstrate the ability of our method
to provide accurate estimates when the predictor space is of high dimension and to test its
robustness against noise. This scenario is similar to those presented by (Gnecco et al., 2024)
and (Velthoen et al., 2023)) in their simulation studies. The second scenario seeks to evaluate the
performance of our method in complex situations, where the quantile function exhibits a highly
nonlinear shape and where the covariate space is also large, thus addressing the issues raised in
the introduction. In Appendix[5.C| we include an additional simulation scenario to demonstrate
the ability of erf_Pen to provide accurate estimates when & > 1, which corresponds to a critical

case in extreme value modeling.

* Scenario 1: We assume that Y [X = x ~ y(x)Zy(y), where 7y, represents the Student’s
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t-distribution with v(x) degrees of freedom. The dependence functions are defined by
Y(x)=1+150 and Vv(x)=4-— (x% —x%).

In this scenario, only two variables, X; and X;, are considered signal variables, while
the remaining variables (p — 2) are noise. This framework allows us to assess the per-
formance of our method in a context where the predictor space is of high dimension,
while also accounting for the presence of noise. The results obtained for this scenario

are presented in section [5.4.1]

* Scenario 2: We assume here that Y |X = x ~ y(x) Ty (y), where

7
1 +exp(4x; +1.2)’

Y(x) = 14219(2x1,2x;) and v(x) =3+

with @ represents the density of the centered bivariate normal distribution with unit vari-
ance and a correlation coefficient of 0.75. In this scenario, we consider more complex
forms for the functions y(x) and v(x), which depend on the covariates x. This scenario
thus allows us to assess the robustness of our method against combined challenges, such

as those mentioned in the introduction. The results of this analysis are presented in sec-

tion[3.4.2]

The performance of the generalized random forests method can be sensitive to the choice of
hyperparameters, among which is the parameter min.node. size, which determines the mini-
mum number of observations that a leaf can contain, and num.trees. These hyperparameters,
as well as the penalty parameters A and o in the penalized log-likelihood defined in (5.10)), are
optimized using the cross-validation method described in the appendix In our simulation
study, we determined the optimal value of min.node. size from {5, 10,20,50, 100} using our
cross-validation procedure. The other hyperparameters of the grf method were set to their de-

fault values in our simulation study.

5.4.1 Scenariol

In this study, we evaluate the performance of our method in a context where the predictor space
is high-dimensional, and for different probability levels close to 1. To ensure a fair comparison
between the methods, the learning and estimation process is carried out on the same data,
consisting of the block maxima {(X;,Z;)}i—1,. .. Table illustrates the evolution of the
logarithm of MISE as a function of the quantile level T for five conditional quantile estimation
methods (erf_Pen, Unpen_ERF, evgam, grf, qrf) in Scenario 1. The results are presented for

four configurations of covariate space dimensions: p € {10,20,30,40}.
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| Methods | |
‘ erf_Pen Unpen_ERF  evgam qrf grf ‘ P T ‘
3.544159  3.554158  3.559510 3.534113 3.528069 | 10 0.8000
3.798552  3.827854  3.825582 3.841730 3.831264 | 10 0.9000
4.726821  4.857544  4.808876 5.049189 5.019799 | 10 0.9900
5.003168  5.175082  5.104060 5.541602 5.513555 | 10 0.9950
5.020182  5.420251  5.766500 6.166143 6.237731 | 10 0.9990
5.873965  6.223029  6.040300 6.121009 6.219681 | 10 0.9995
3.476097  3.480686  3.455641 3.497357 3.506545 | 20 0.8000
3.703584  3.717873  3.689100 3.667943 3.669805 | 20 0.9000
4.522016  4.586443  4.583590 4.651087 4.670408 | 20 0.9900
4760237  4.844819  4.855621 4.874497 4.903185 | 20 0.9950
5.279417  5.421024  5.466527 5.902284 5.895118 | 20 0.9990
5487002  5.658167  5.718320 6.355174 6.384959 | 20 0.9995
3.531561  3.541192  3.540931 3.525474 3.529149 | 30 0.8000
3.794515  3.821840  3.836681 3.738508 3.741153 | 30 0.9000
4748053  4.860781  4.980860 5.128974 5.143107 | 30 0.9900
5.031631  5.176482  5.337251 5.571242 5.440019 | 30 0.9950
5.665040  5.895358  6.159317 6.883641 6.927317 | 30 0.9990
5.925686  6.197717  6.508989 7.145184 7.259607 | 30 0.9995
3.469519  3.471978  3.474885 3.443556 3.439969 | 40 0.8000
3.681014  3.688681  3.698054 3.682495 3.673479 | 40 0.9000
4432620  4.467006  4.542034 4.472557 4.462648 | 40 0.9900
4.645826  4.690889  4.793666 4.684846 4.685848 | 40 0.9950
5.095707  5.170992  5.348638 5.598266 5.659914 | 40 0.9990
5.267733  5.358748  5.572876 5.568182 5.640856 | 40 0.9995

Table 5.1: Log(MISE) for different methods under varying dimensions p and probability levels
T.

The log(MISE) error increases gradually with T, reflecting the growing difficulty in esti-
mating extreme quantiles. This trend is particularly pronounced for T > 0.9, where the error
rises almost exponentially, indicating increased variance and instability in predictions for these
quantiles, as discussed in the introduction. For moderate probability levels (0.8 <t < 0.9), all
methods exhibit similar performance, with nearly identical errors. In contrast, for higher quan-
tiles (T > 0.9), the erf_Pen method stands out with lower error, especially as T approaches 1.
The evgam, grf, and qrf methods have slightly higher errors than the unpenalized Unpen_ERF
method, which itself is somewhat less accurate than erf_Pen. For moderate dimensions p of the
covariate space, evgam and Unpen_ERF have similar performance, but as p increases, evgam
becomes less accurate than Unpen_ERF. Although evgam remains competitive compared to
erf_Pen across different probability levels, its accuracy decreases as p increases. Furthermore,
as pointed out by (Youngman, 2019), evgam becomes increasingly computationally demand-
ing as p grows. These results indicate that our similarity-weighted estimation method provides
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better estimates than the other methods, and the integration of penalization further improves its
performance. Increasing the dimension of covariates from p = 10 to p = 40 leads to a general
increase in the log(MISE) error, confirming the challenge of estimating conditional quantiles
in high dimensions. However, this increase remains relatively moderate for erf_Pen, which re-
tains an accuracy advantage, particularly for extreme values of t. Thus, erf_Pen appears to be
the most robust method under these conditions, exhibiting a more controlled growth of error
compared to Unpen_ERF, evgam, grf, and qrf, making it a preferred choice for estimating con-
ditional quantiles in high-dimensional settings and at extreme levels. This conclusion remains
unchanged when performance is evaluated using other error metrics, as shown in the results
presented in table

5.4.2 Scenario 2

In this scenario, we incorporate the unpenalize model (Unpen_ERF) to compare its perfor-
mance with proposed penalize method. Figure [5.1] illustrates the comparison of logarithmic
integrated squared errors (Log(ISE)) obtained by different conditional quantile estimation
methods under Scenario 2 of our simulation study. It evaluates the robustness of the meth-
ods against extreme quantiles and the increase in the dimension p of the covariates. Due to
the high computational cost of the evgam method when the covariate dimension p is large,
we exclude it from the comparison in this first analysis of this scenario. However, we include
it in the second analysis summarized in Table [5.2] for a fixed covariate dimension p = 40, to
demonstrate that the results obtained in Scenario 1 remain valid for Scenario 2 across the
different evaluation metrics considered. According to Figure when T = 0.99, the Un-
pen_ERF, grf, and qrf methods yield almost similar performance, but the erf_Pen method
performs better, showing relatively moderate errors across the different covariate spaces con-
sidered, p € {30,40,60}. However, the Unpen_ERF method, which does not incorporate pe-
nalization, although it shows better performance than the grf and qrf methods, exhibits larger
errors than erf_Pen, thereby confirming the usefulness of penalization for this type of estima-
tion. As T increases (T = 0.99,0.995,0.9995), we observe an increase in error for all methods.
However, the erf_Pen method maintains more stable performance, with systematically lower
error compared to grf and qrf, which are more affected by the extremity of the quantiles. This
indicates that erf_Pen is better suited for extreme quantile estimation. As the dimension of the
covariate space increases (p = 30,40, 60), the error tends to grow for all methods, reflecting
the increased difficulty of estimation in high dimensions. However, erf_Pen again stands out
by showing a more controlled progression of error, while grf and qrf display more dispersed
errors, indicating a loss of stability in their estimates. In all configurations tested, erf_Pen
proves to be the most effective method. It exhibits significantly lower error than its competi-

tors, particularly for extreme quantiles and in high dimensions. It is also more stable, with less
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Scenario 2
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Figure 5.1: Boxplots of Log(ISE) over 100 simulations for different values of p and extreme
probability levels.

variability in error compared to methods that show greater variability in their results. These
results show that the erf_Pen method is the most robust for extreme quantile estimation, even
in the presence of numerous covariates. Its effectiveness is particularly notable for high values
of T, where it greatly outperforms the grf method of (Athey et al., 2019) and the qrf method
of (Meinshausen and Ridgeway, 2006)). The increase in covariate dimension affects all meth-
ods, but erf_Pen is better able to withstand this complexity. In summary, erf_Pen stands out
as the most suitable method for applications requiring reliable extreme quantile estimation,
particularly in high-dimensional contexts. We also observe that our model remains effective
in the presence of noise. The results presented in table further confirm the superiority of
the erf_Pen method by using other error evaluation metrics. This table shows that in terms of

MedAE and IBias, the erf_Pen method outperforms the Unpen_EREF, evgam, grf and qrf meth-
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Method MedAE | IBias | MISE T Scenario

erf_Pen 6.20 6.31 | 3.68
| Unpen_ERF | 622 | 633 | 3.69 | | |
| evgam | 620 | 623 | 370 | g9 | |
| grf | 623 | 630 | 3.68 | | |
| gof | 626 | 631 | 3.67 | | |
| erf Pen | 987 | 10.1 | 4.64 | | |
| Unpen_ERF | 10.1 | 10.2 | 4.69 | | |
| evagm | 10.1 | 104 | 479 | 9995 | 1 |
| gef | 103 | 104 | 4.69 | | |
| grf | 103 | 104 | 4.68 | | |
| erf Pen | 132 | 13.6 | 527 | | |
| Unpen_ERF | 138 | 142 | 536 | | |
| evagm | 147 | 154 | 556 | (.9995 | |
| grf | 167 | 164 | 5.64 | | |
| gf | 164 | 157 | 557 | \ |
| erf Pen | 548 [ 542 ] 343 | \ |
| Unpen_ERF | 568 | 5.60 | 3.47 | | |
| evgam | 558 | 557 | 346 | g9 | |
| grf | 576 | 5.64 | 3.49 | | |
| grf | 570 | 563 | 3.48 | | |
| erf Pen | 9.06 | 9.13 | 4.63 | | |
| Unpen_ERF | 109 | 10.9 | 483 | | |
| evgam | 112 | 115 ] 502 | 9995 | % |
| gef | 120 | 126 | 5.18 | | |
| qrf | 117 | 126 | 5.19 | | |
| erf Pen | 11.8 | 11.7 | 549 | | |
| Unpen_ERF | 156 | 156 | 5.80 | | |
| evgam | 167 | 173 | 582 | | |
| gef | 172 | 178 | 591 | | |
| gef | 17.0 | 174 | 584 | \ |

Table 5.2: Table of errors according to various metrics for each method and different scenarios.

ods across different high probability levels, when the covariate dimension is set to p = 40.

ULHN ©2026 120 Lucien Mahutin VIDAGBANDJI



Real dataset

5.5 Real dataset

We apply our methodology to predict the extreme quantiles of wage data from the 1980 U.S.
Census. This dataset was used by (Angrist et al., 2000) to illustrate a quantile regression
method in non-extreme contexts, and more recently by (Gnecco et al., 2024) in the analy-
sis of extreme quantiles. The dataset consists of 65,023 Black and White men, aged 40 to 49
years, with 5 to 20 years of education, and positive annual incomes and hours worked in the
year prior to the census. In this study, we use weekly wages from 1979 as the response variable
Y, expressed in U.S. dollars, calculated as the annual income divided by the number of weeks
worked. The explanatory variables include a vector containing numerical variables represent-
ing age and years of education, as well as a categorical variable called Black, which is equal
to 1 if the respondent is Black and 0 if the respondent is White. To increase the dimension of
the predictor space and better assess the performance of our methodology in cases where the
covariate space is large, we add 12 random predictors, generated independently and uniformly
within the interval (—1,1). This brings the total dimension of the predictor vector to p = 15.
As done by (Gnecco et al., 2024)), we split the dataset into two equal parts: the first part con-
tains 32,511 observations, used for exploratory analysis, and the other part contains 32,512
observations, which is used for fitting and quantitatively evaluating the methods, including our
proposed method, erf_Pen, as well as the three other methods used in the simulation study
(evgam from (?), grf from (Athey et al., 2019) and qrf from (Meinshausen and Ridgeway,
2006)).

For the exploratory analysis, we fit the erf_Pen model to 40% of the data, which corre-
sponds to a total of 13,004 observations, and estimate the parameters of the conditional gen-
eralized extreme value (GEV) distribution, 8(x) = (f1(x), 6(x),&(x)), using the remaining 60%
of the data, applying the algorithm 2] Since, as shown in Appendix[5.5] our method is sensitive
to the block size, we used blocks of size m = 5 observations in the exploratory analysis to
improve estimation in the tail of the distribution. However, for the quantitative analysis, we
applied the test statistic described in Appendix and found that block sizes between 5 and
50 provide satisfactory goodness-of-fit. Therefore, we selected a block size of m = 20 for the
quantitative analysis. To determine the optimal values of the hyperparameters o and A, which
appear in the expression of the penalized likelihood given in (5.10), as well as min.node.size
for the grf method, we apply cross-validation as described in appendix [5.A] This procedure is
performed for (a,A) € (0,5] x (0,4] and min.node.size € {5,10,30,50}, keeping the default
values for the other hyperparameters of the grf method. Finally, we proceed with the estima-
tion of the parameters 0. Figure|5.2|shows the variation of the estimated parameters fi(x), 6(x),

and &(x) as a function of the number of years of education. It is observed that fi(x) and &(x)
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Figure 5.2: Variations of the parameters ji(x), 6(x), and &(x) as a function of the number of
years of education.

increase with the level of education, while the shape parameter é(x) follows an opposite trend,
decreasing as the level of education increases. It is also noted that <€,(x) takes positive values
between 0.1 and 0.25, indicating heavy tails in the predictor space, thus confirming the analysis
conducted by (Gnecco et al., 2024)). Furthermore, the study highlights a balanced distribution
of wages between Black and White Americans and shows that the parameters of the condi-
tional GEV distribution are not influenced by age, as illustrated in figure [5.7|in appendix
Figure presents the estimates of the conditional quantiles of weekly income (Qx(’t)) as
a function of years of education, obtained by the three methods: erf_Pen, grf, and qrf. The
results are displayed for three quantile levels (T = 0.8, T = 0.9, and T = 0.995). The red and
blue points correspond to individuals for whom the variable black is O or 1, respectively. An
increase in income is observed with the number of years of education, a trend that becomes
more pronounced at the highest quantiles, indicating that individuals with the highest income
have spent significantly more years in education. When comparing the methods, our extrapo-
lation method maintains a good shape of the quantile function even for high probability levels,

which is not the case for the grf and qrf methods, where the shape deteriorates as T increases
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Figure 5.3: Predicted conditionnal quantiles at level T = 0.8,0.9,0.995 as fonction of years of
eduction for erf_Pen, grf and qrf method.

(particularly for T = 0.995). This highlights the ability of our method to capture the complex
structure of the quantile function. This analysis underscores the growing impact of education

on income.

After the exploratory analysis, we assess the quantitative performance of our method as
well as the three other methods using the metric proposed by (Wang and Li, 2013), which is
also employed by (Gnecco et al., 2024) to evaluate the performance of their own method. This
metric is defined as follows:

A _ 2?1:1 1{Y; < Ox,(v)} —n't

Ry (0x(7)) = (5.13)

The function Q,(t) represents the estimated conditional quantile on the test sample { (x;, ;) }i=1....

The metric R,/ (-) relies on the principle that, for a quantile at probability level T, the proportion
of observed values y; below the predicted quantile QAxi (t) should be close to . Since 1 (<00 (1)}
has expectation T and variance t(1 — 7), this metric is asymptotically normal according to the

central limit theorem. A value of R,/ (+) close to zero indicates that the method provides pre-
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dictions consistent with the theoretical definition of the quantile, while a large value reveals
an underestimation or overestimation bias. This measure is particularly useful for the evalua-
tion of extreme quantiles, as it captures the model’s ability to correctly reproduce the expected
frequency of rare events, beyond standard criteria such as bias or mean squared error. For this
purpose, we use the second part of the data, which was not used for the exploratory analysis,

1.e., 32,512 observations and consider the block size m = 20. We partition these data into 5

Model (R (Qx(7)) |
=08 | 1=09 | t=0995 | t=0.9999
erf Pen | 3.951039 | 9.014595 | 59.755834 | 467.221579
Unpen ERF | 4205856 | 9335311 | 60.925626 | 475.764389
evgam | 4256064 | 9.200778 | 61.227295 | 483.950181
arf 3.210531 | 10.292044 | 68.164030 | 488.939327
qrf 3210713 | 10302165 | 68.364223 | 488.282943

Table 5.3: Performance of models based on the metrics defined in (5.13)).

parts and, for each part i € {1,2,3,4,5}, we train the model on 4/5 of the observations, rep-
resenting the set of observations excluding the i-th part. We then calculate the absolute value
of R,y (Ox(t)) on the 1/5 of the observations contained in the i-th part. After calculating this
absolute error for each i € {1,2,3,4,5}, we compare the average of these absolute errors for
the different models and for different quantile orders. In this quantitative analysis, we included
in our comparisons the unpenalized weighted likelihood estimator and evgam method. The
table|5.3| presents the mean values of these absolute errors over the ten repetitions for different
quantile levels. From this table, it is clear that our method provides good estimates compared
to the methods of (Youngman, 2022), (Athey et al., 2019) and (Meinshausen and Ridgeway,
2000). The results show that the weighted likelihood estimator provides satisfactory estimates,
whose accuracy improves when penalization is introduced. The evgam method remains com-
petitive with the unpenalized version and, for high quantile levels (T = 0.995 ), achieves per-
formance comparable to that of erf_Pen. Nevertheless, our approach remains stable at extreme
quantile levels.

Although the real data application does not fall within the & > 1 regime, the additional
simulation study presented in Appendix [5.C| highlights the limitations of the PMLE in the
presence of very heavy tails. This is reflected in the larger values of log(MISE) compared to
Scenarios 1 and 2. Figure [5.6] which reports the results for this critical setting, shows that our
method provides the most accurate estimates across the different high-dimensional covariate
configurations considered. Overall, these findings confirm the robustness and reliability of
our approach across varying degrees of tail heaviness, including the challenging case & > 1

examined in the simulation study.
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5.6 Conclusion

In this paper, we propose a new flexible method, named erf_Pen, for the reliable estimation of
conditional quantiles at extreme probability levels. This method is also robust when the shape
of the quantile function is complex and when predictors are potentially high-dimensional. Our
methodology leverages the flexibility of generalized random forests to capture the complex
structure of the quantile function, as well as the asymptotic results of extreme value theory
(Fisher and Tippett, 1928)), (Gnedenko, 1943) to facilitate extrapolation in the tail of the dis-
tribution via the conditional GEV distribution. The estimation of the latter’s parameters, us-
ing the penalty function of (Coles and Dixon, 1999), improves the estimation of the extreme
value index, a key component in conditional quantile estimation. Our approach stands out for
its robustness and its ability to effectively capture the complex structure of the data while en-
abling reliable estimation in the tail of the distribution. Through a simulation study, we demon-
strate that erf_Pen outperforms other existing methods, notably the generalized random forests
method of (Athey et al., 2019), the Generalized Additive Extreme Value Model of (Youngman,
2022) and the quantile regression forests method of (Meinshausen and Ridgeway, 2006). It of-
fers greater stability and improved accuracy for high quantile levels (T > 0.9), even in the
presence of noise. Our results also show that erf_Pen is more resistant to increasing covariate
dimensionality, making it a particularly suitable alternative for high-dimensional applications.
An application to the 1980 U.S. Census wage data confirmed these empirical findings, demon-
strating that our method preserves a good estimation of the quantile function, even for extreme
quantiles (T = 0.995). In conclusion, erf_Pen represents a significant methodological advance-
ment in the estimation of extreme conditional quantiles. Its performance and robustness make
it a promising tool for applications in risk management, finance, economics, and other fields
requiring reliable estimation of extreme conditional quantiles. Future work may include ex-

tending this approach to multivariate contexts as well as further theoretical analysis.

Appendix

5.A Cross-validation method used to obtain o and A and the

hyperparameters of grf.

In this section, we present the method used to determine the tuning parameters of our model.
Specifically, we address the selection of the penalization parameters A and ., as well as the hy-
perparameters specific to the generalized random forest (such as min.node.size and num.trees).
These parameters are chosen using a cross-validation procedure, adopting an approach dif-
ferent from the classical method described in section 7.10 of (Hastie, 2017)). We rely on the
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approach proposed by (Gnecco et al., 2024)), which uses the likelihood function of the GPD as
an error measure. However, in our case, we use the likelihood of the GEV distribution as the
performance evaluation metric.

To illustrate this method, let’s consider a sample D, = {(xi,z;) }i=1,... », available for our
study. Suppose we wish to apply K-fold cross-validation. The first step is to partition the sam-
ple into K approximately equal-sized sub-samples, denoted D/, with j = 1,--- K. A set of
potential values is pre-defined for the penalization parameters A and o, as well as for the
hyperparameters specific to the generalized random forest (grf), such as min.node.size and
num.trees. The cross-validation procedure then involves systematically evaluating all possible
combinations of these parameters to identify those that optimize the model’s performance. To
do this, a search grid is constructed, denoted {py,---,ps}, where each p, represents a vector
containing a particular combination of the grf hyperparameters and the penalization param-
eters A and a. For each parameter configuration p; € {p,---,ps}, the following steps are
performed for each fold j € {1,--- ,K}:

1. Model training: The model is trained on the K — 1 sub-samples, that is, on the entire
dataset D, \ D/, excluding the sub-sample D/. This training is carried out using the
Pen-erf-fit algorithm, with pg as the configuration for the tuning parameters and the

hyperparameters of the generalized random forest (grf).

2. Estimation of conditional parameters: the parameters 6(x) associated with the con-

ditional GEV distribution are estimated using the data from the sub-sample D/,

3. Performance Evaluation: A performance metric is calculated on the sub-sample D/.

In this context, the chosen metric is the negative log-likelihood of the GEV distribution.

Once these steps are applied to the K sub-samples, the average error across the K partitions is
calculated. This average error, called the cross-validation error (CV-error), provides an overall

estimate of the model’s performance for a given configuration py. It is defined by:

CV(ps) = X Z _g(é(xi)ps)(zi),
J=1(xi,z;))e D
where E(@(x)ps)(zi) = —log (%) represents the negative log-likelihood of the GEV dis-

tribution, with the parameters @(x) estimated using py as the parameter configuration. This
approach allows us to identify the optimal configurations of tuning parameters and hyperpa-
rameters by minimizing the cross-validation error. The optimal parameter P, i, is the one that
minimizes this error among all the configurations available in the set {py,---,ps}. Formally,
it is defined as:

Poprim = arg _ {r?jg 5 CV(ps)-
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Figure 5.4: Cross-validation Error across Scenarios as a function of o and A

This methodology ensures a robust and objective evaluation of the different parameter config-
urations, while identifying those that minimize the cross-validation error. This allows for re-
liable optimization of the model parameters, tailored to the specific characteristics of the data
being studied. The figure illustrates how the cross-validation error varies with o € (0, 5]
and A € (0,4] across the two scenarios considered in this work. As shown in this figure, the
optimal values of these parameters depend on the dataset used. However, the cross-validation
error varies only moderately across the different parameter grids considered. This indicates
that while satisfactory performance is obtained when oo = A = 1, the proposed cross-validation

procedure can still assist in selecting appropriate optimal values depending on the data.

S5.B Sensitivity analysis

In this section, we investigate the sensitivity of the erf Pen method with respect to the choice
of block size. This parameter is crucial in the block maxima framework: a block size that is too
small induces bias in the estimation, while a block size that is too large increases the variance

of the estimator. The choice of m must therefore achieve a bias—variance trade-off. To the best
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of our knowledge, there is no universally optimal procedure for selecting the block size, and
practical applications often rely on natural choices such as monthly, quarterly, semi-annual,

or annual blocks. We propose here an alternative approach for selecting the block size based

CVM_stat KS_stat
7]
Q
®
=
=
2
0
®
I
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0.2 1 M
3.
o
N
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Figure 5.5: Evolution of test statistics as a function of block size under different scenarios

on goodness-of-fit test statistics, as done by (Wang et al., 2016) in selecting block sizes for
estimating extreme loads in engineering vehicles. Specifically, we fit the GEV model with
different block sizes and evaluate the goodness-of-fit of the probability integral transform data
against the uniform (0, 1) distribution using the Kolmogorov—Smirnov (KS) and Cramér—von
Mises (CVM) tests. The KS test measures the maximum deviation between the empirical and
theoretical distributions, while the CVM test integrates the squared deviations over the entire
support, thus providing a more global assessment. Their joint use yields complementary and
robust evidence of goodness-of-fit, which is particularly useful for guiding the choice of block
size.

To this end, we consider a training sample D" = {(x;,y;)}Y; and an independent test
sample DI = {(x;,y;)}._,. We also consider a range of block sizes m between 15 and 200, in
increments of 5. For each value of m, the model is fitted on the training sample Q)}\f‘”", and the
parameters of the GEV distribution (u(x),o(x),&(x)) are then estimated using the test sample
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Diest. Let I’ denote the number of blocks of size m formed from the test data. The proba-
bility integral transforms {G ;.\ 5. ¢ (zi)}\_, should follow a uniform distribution if the
estimation is adequate, where z; denotes the maximum associated with the i-th block. In this
analysis, the penalization parameters are fixed at A = a = 1, following the recommendations
of (Coles and Dixon, 1999), and we adopt the default values of min.node.size and num.trees
for the generalized random forest method proposed by (Athey et al., 2019). Figure[5.5|displays
the evolution of the KS and CVM test statistics for the two scenarios considered. In Scenario 1
(top panels), the CVM statistic decreases sharply for block sizes smaller than m = 30, then
stabilizes at a relatively low and constant level for m between 35 and 100. The KS statistic
remains globally low but exhibits a slight upward trend as m increases, suggesting a grad-
ual loss of fit for very large block sizes. In Scenario 2 (bottom panels), the results are more
variable. The CVM statistic shows strong instability for small block sizes (m < 35), followed
by marked fluctuations thereafter, indicating increased sensitivity of the estimation. The KS
statistic exhibits a generally increasing trend with larger m, highlighting that excessively large
block sizes deteriorate the goodness-of-fit.

Overall, these results confirm the method’s sensitivity to block size and suggest an optimal
range of 30 — 70 for Scenario 1 and 35 — 110 for Scenario 2, ensuring good agreement between
the estimated GEV distribution and the block maxima. In practice, this type of sensitivity
analysis can guide the empirical choice of m, although natural block sizes remain preferable.
For our analyses, we selected m = 40 in both scenarios, in order to balance model adequacy

with a sufficient number of block maxima for the learning process.

5.C Additional Simulation Study

In this section, we conduct an additional simulation study to assess the ability of erf_Pen to
more accurately estimate conditional quantiles in a heavy-tailed regime where & > 1. This set-
ting is particularly challenging, as some moments of the distribution may be infinite, making
the estimation of extreme quantiles notoriously difficult. We consider a conditional distribu-
tion of the form ¥ | X = x ~ y(x) %y, where 7y, denotes a Student’s ¢ distribution with v(x)
degrees of freedom. As in Scenario 1, we set y(x) = 1 + 1(x,>0}, thereby introducing hetero-
geneity in the conditional scale. In this study, we assume a constant shape parameter given
by
E(x) = \% =1.5, forallxe[-1,1]7,

which corresponds to a heavy-tailed regime. This design allows us to evaluate the robustness
of the proposed approach under a critical scenario in which extreme quantile estimation is
particularly demanding. The covariates X = (Xj,...,X,) are generated independently from a

uniform distribution on [—1, 1|7, with p € {30,50}, consistent with the two scenarios consid-
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ered in our simulation study. We evaluate the 1og (MISE) as a function of the probability level
T € [0.8,1) for both covariate dimensions. We do not include the evgam model in this com-
parison because it becomes computationally expensive as p increases. Moreover, although its
performance is superior to that of the grf and qrf methods for moderate values of p, it becomes
comparable to that of Unpen_ERF, grf, and qrf for larger values of p, as evidenced by the
results reported in Tables[5.1]and [5.2]

The figure [5.6|shows the evolution of log(MISE) as a function of probability levels t. The
results shown in this figure indicate that erf_Pen remains stable and delivers more accurate esti-
mates than competing methods in this strongly heavy-tailed regime. In particular, the beneficial
effect of penalization becomes more pronounced as both the probability level T and the dimen-
sion p increase, suggesting that the proposed approach is especially well suited for extreme
quantile estimation when & > 1. We also observe that the non-penalized method performs sim-
ilarly to qrf and grf for moderate dimensionality (p = 30), whereas for higher dimensionality
(p = 50), it outperforms both competitors at high probability levels. These findings confirm
that erf_Pen remains applicable and effective beyond the standard setting § < 1, extending its

relevance to heavy-tailed contexts with & > 1.
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Figure 5.6: Evolution of log(MISE) as a function of 1 for p € {30,50}
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5.D Variation of the parameters fi(x), 6(x), and &(x) as a

function of age.
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Figure 5.7: Variation of the parameters fi(x), 6(x), and &(x) as a function of age.
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Conclusion and Perspectives

This thesis lies within the field of statistical modelling of extreme values and asymptotic be-
haviours. Its objective was to develop robust and flexible methods for analysing and predicting
the risk associated with rare events, which are of major importance in domains such as finance,
insurance, environmental sciences, and engineering. To address these challenges, we proposed
several methodological approaches based on extreme quantile regression, whose theoretical
properties were studied, empirical performances validated, and applications illustrated using

both simulated and real datasets.

In the first part, we introduced a method for estimating conditional extreme quantiles based
on the conditional Generalized Extreme Value (GEV) distribution. The proposed estimator re-
lies on a weighted version of the maximum likelihood estimator, where the weights are derived
from generalized random forests. This approach overcomes several limitations of classical
quantile regression methods, in particular the difficulty of estimating extreme quantiles when
T, — 1, as well as the challenge posed by high-dimensional covariate spaces. We established
the existence and convergence of the proposed weighted likelihood estimator, proving its con-

sistency under realistic assumptions tailored to the context of extremes.

In the second part, we proposed a more application-oriented model by introducing an L,-
type penalisation on the shape index & of the extreme value distribution. Detailed in Chapter (4}
this penalisation makes it possible to better capture the asymptotic behaviour of the variables
under study, even in the presence of scarce, heterogeneous, or noisy data. It enhances the sta-
bility of high-quantile estimation while preserving desirable asymptotic properties. We further
developed suitable estimation algorithms and proposed strategies for tuning the model param-
eters (block size, penalisation coefficient), allowing optimisation of the method’s robustness.
The approach was validated through simulation studies and illustrated using daily meteorolog-
ical data from the Fort Collins weather station (Colorado, USA).

Finally, we proposed a weighted version of the penalised maximum likelihood estimator
originally introduced by (Coles and Dixon, 1999), in which the penalisation function is specif-
ically designed for the GEV distribution. This formulation simultaneously addresses: (i) the
limitations encountered in quantile regression for the estimation of very high quantiles, and
(1) the need to improve estimation performance for small samples while maintaining strong
efficiency for larger samples. We validated this method through extensive comparisons with

standard approaches based on statistical learning techniques. The results show that the pro-
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posed model provides improved performance in terms of accuracy, stability, and robustness.
The application to real data confirms the practical relevance of the approach for forecasting
rare events in various contexts, thereby offering reliable tools for risk management and deci-

sion support.

Perspectives
Several research directions naturally emerge from the work carried out in this thesis.

* Extension to the multivariate setting. Extending our methods to multivariate models
would enable the study of co-occurring extreme events and allow better modelling of

dependence structures.

* Temporal data. Adapting our procedures to time series would open the way to dynamic
analysis of extreme risks, including the detection of structural changes or the study of

persistent extremes.

* Spatial and spatio-temporal models. Extending our approaches to the spatial domain
would constitute a major advancement for the analysis of geographically distributed

phenomena (extreme precipitation, pollution, natural hazards, etc.).

* Software development. Creating an R package integrating the methods developed in

this thesis would greatly facilitate their dissemination within the scientific community.

* Interdisciplinary applications. Fields related to natural disaster management, indus-
trial safety, or the analysis of rare biomedical signals offer many opportunities for ap-

plying the tools developed in this work.

This thesis provides significant contributions to the statistical modelling of extreme values
and asymptotic behaviours. The developed methods combine theoretical rigour, practical ro-
bustness, and flexibility, offering new perspectives for the analysis of rare events in complex
environments. The obtained results pave the way for ambitious future research, with the po-
tential to enrich the study of extreme risks and to strengthen the impact of modern statistical

methods across numerous applied domains.
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Résumé

Les méthodes classiques d’estimation des quantiles extrémes présentent plusieurs limites :
instabilité dans la queue de distribution, faible flexibilité en présence de covariables mul-
tidimensionnelles et difficulté des approches non paramétriques a capturer adéquatement
les comportements asymptotiques. Pour répondre a ces défis, cette thése développe de
nouvelles méthodes de régression quantile extréme alliant de maniére cohérente la théorie
des valeurs extrémes et des techniques modernes d’apprentissage statistique. La premiére
contribution propose un estimateur du quantile conditionnel extréme fondé sur une ver-
sion pondérée du maximum de vraisemblance pour la distribution GEV conditionnelle. Les
poids issus des foréts aléatoires généralisées permettent de mieux capturer les relations
non linéaires et les interactions complexes entre les covariables, tout en atténuant les effets
liés a la forte dimensionnalité. L'existence et la convergence de l'estimateur sont établies,
mettant en évidence son intérét pour des quantiles élevés et des covariables de grande
dimension. La seconde contribution introduit une pénalisation de type L2 sur l'indice de
forme ¢, améliorant la stabilité de I'estimation des quantiles extrémes. Enfin, une fonc-
tion de pénalité spécifiquement adaptée a la distribution GEV est proposée pour stabiliser
davantage I'estimation de l'indice des valeurs extrémes. Cette approche améliore les per-
formances en petits échantillons tout en restant efficace sur de grands jeux de données.
Les comparaisons avec des méthodes classiques d’apprentissage statistique montrent des
gains substantiels en précision, stabilité et robustesse, confirmés par une application a des
données salariales américaines de 1980.

Mots-clés : Distribution des valeurs extrémes généralisée, régression quantile extréme,
forét aléatoire généralisée, estimateur du maximum de vraisemblance, méthode des max-
ima de blocs.

Abstract

Classical methods for estimating extreme quantiles present several limitations: instabil-
ity in the tail of the distribution, limited flexibility in the presence of multidimensional
covariates, and the difficulty of nonparametric approaches in adequately capturing asymp-
totic behaviors. To address these challenges, this thesis develops new extreme quantile
regression methods that coherently combine extreme value theory with modern statistical
learning techniques. The first contribution proposes an estimator of the conditional ex-
treme quantile based on a weighted version of the maximum likelihood estimator for the
conditional GEV distribution. The weights derived from generalized random forests allow
for better capture of nonlinear relationships and complex interactions between covariates,
while mitigating the effects related to high dimensionality. The existence and convergence
of the estimator are established, highlighting its relevance for high quantiles and high-
dimensional covariates. The second contribution introduces an L2-type penalization on
the shape index ¢, improving the stability of extreme quantile estimation. Finally, a penalty
function specifically adapted to the GEV distribution is introduced to further stabilize the
estimation of the extreme value index. This approach improves performance in small sam-
ples while remaining effective for large datasets. Comparisons with classical statistical
learning methods show substantial gains in accuracy, stability, and robustness, confirmed
by an application to U.S. wage data from 1980.

Keywords: Generalized extreme value distribution, extreme quantile regression, general-
ized random forest, maximum likelihood estimator, block maxima method.
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